CLASSICALITY OF OVERCONVERGENT HILBERT EIGENFORMS: 
CASE OF QUADRATIC RESIDUE DEGREES 



YICHAO TIAN 

Abstract. Let _F be a quadratic real field, p be a rational prime inert in F. In this 
paper, we prove that an overconvergent p-adic Hilbert eigenform for F of small slope is 
actually a classical Hilbert modular form. 



1. Introduction 

1.1. We fix a prime number p > 0. A famous tlieorem of Coleman says that an over- 
convergent p-adic (elliptic) modular eigenform of small slope is actually classical. More 
precisely, let > 5 be an integer coprime to p, and Xi{N)^^ be the rigid analytification 
of the usual modular curve of level ri(A^) over Qp. We denote by Xi{N)^f^ the ordinary 
locus of Xi{N)^'-\ For p > 5, XiiN)o'^(i is simply the locus where Ep^i (Eisenstein series 
of weight p — 1), the standard lift of the Hasse invariant, has non-zero reduction modulo 
p. For any integer /c G Z, Katz |Ka73| defined the space M|,(ri(A^)) of overconvergent 
p-adic modular forms of weight k. An element in M|,(ri(A'^)) is a section of the modular 
line bundle io^ defined over a strict neighborhood of Xi(A^)^^^ in Xi(iV)'^°. Moreover, 
Katz also defined a completely continuous operator Up acting on M^(ri(A^)). There is 

a natural injection from Mfc(ri(iV) n Fob)) to M^(ri(iV)), where Mfc(Fi(Ar) n To{p)) is 
the space of classical modular forms of weight k and level Ti{N) PI Tq{p), that is, sec- 
tions of over the modular curve X{Ti{N) n To(p)). In |Col96| . Coleman proved that if 
/ G m|,(Fi(A^)) is a [/p-eigenvector with eigenvalue Op and fp(ap) < k — 1, then / actually 
lies in Mfc(ri(A^) PI Tq{p)). Coleman's original proof for this deep result was achieved by 
an ingenious dimension counting argument. Later on. Buzzard |Bu03| and Kassaei |Ks06| 
reproved Coleman's theorem by an elegant analytic continuation process. The basic idea 
of Buzzard-Kassaei was to extend successively the section / by the functional equation 
/ = -^Up{f) to the entire rigid analytic space X{Ti{N) fl Tq{p))^'^. Actually, Buzzard 
proved that / can be extended to the union of ordinary locus and the area with super- 
singular reduction of X{ri{N) n Tq{p))^^. Then Kassaei constructed another form g on 
the complementary to Buzzard's area, and showed that / and g glue together to an an- 
alytic section of J" over X{Ti{N) n Tq{p)Y''. The rigid GAGA theorem [Ablli 7.6.11] 
then implies that this is indeed a genuine section of over the algebraic modular curve 
X(Fi(A) n Tq{p)). In this process, the theory of canonical subgroups for elliptic curves 
developed in |Ka73| due to Lubin and Katz plays a fundamental role. 



2 



YICHAO TIAN 



There have been many efforts in generahzing the classical theory on overconvergent 
p-adic modular forms to other situations. First of all, to generalize overconvergent p- 
modular forms and the f/p-operator, we need to construct canonical subgroups in more 
general context. This has been done by many authors. For instance, |KL05| . |GK09| 
consider the Hilbert case, and [AM04], [AG07j treat the general case for abelian varieties, 
and finally in |TilO| . |Fa09| . [Ra09j and [HalO] the canonical subgroups are constructed for 
general p-divisible groups. Using the canonical subgroups, overconvergent p-adic modular 
forms and the C/p-operators can be constructed similarly in various settings. However, 
the generalization of Coleman's classicality criterion need more hard work. As far as I 
know, this criterion has been generalized in the following cases. In |Col97a| . Coleman 
himself generalized his results to modular forms of higher level at p. Kassaei considered in 
|Ks09| the case of modular forms defined over various Shimura curves. In [SalO], Sasaki 
generalized it to the case of Hilbert eigenforms when p totally splits in the totally real 
field defining the Hilbert-Blumenthal modular variety. Finally, Pilloni proved in [Pi09j the 
classicality criterion for overconvergent Siegel modular forms of genus 2. In this paper, we 
will follow the idea of Buzzard-Kassaei to study overconvergent Hilbert modular forms in 
the quadratic inert case. 



1.2. To simplify the notation, let's describe our result in a special but essential case. Let 
F be a real quadratic number field in which p is inert, and Op be its ring of integers. We 
put K ~ Fp2, W = Opp and = iy[l/p]. We denote by B = {/3i, /32} the two embeddings 
of F into Qk. Let AT > 4 be an integer coprime to p. We consider the Hilbert-Blumenthal 
modular variety X over Spec(W^) that classifies prime-to-p polarized abelian schemes A 
with real multiplication hy Op of level roo(A^). Let Y be the moduli space that classifies the 
same data and together with an (O p / p)-cyc[ic subgroup of A[p]. For each pair of integers 

k = {ki, ^2) S Z'^, we have the modular line bundle over X and Y (See l2.3l for its precise 
definition). For each finite extension L of Q^, we put M^(roo(A^)nro(p), L) = H^(Yl,ui^), 
and call it the space of (geometric) Hilbert modular forms of level roo(A^) H Tq{p) and 
weight k with coefficients in L. This is a finite dimensional vector space over L by classical 
Koecher principle, and the theory of arithmetic compactifications of Hilbert-Blumenthal 
modular varieties |Rap78 ICh90l IDP94| implies that it actually descends to a finite fiat 
Z[l/A^]-module. 

Let X and 2) be respectively the completion of X and Y along their special fibers, and 
Xrig and 2)rig be their rigid analytic generic fibers a la Raynaud [Abll, Ch. 4]. We still 
have a natural forgetful map vr : 2)rig ^rig- For each A: € Z®, we denote still by iJ' 
the rigidification of the line bundle cj'^. Let be the ordinary locus of Xrig, i.e. the 

locus where the universal rigid Hilbert-Blumenthal abelian variety Slrig over j£rig has good 
ordinary reduction. Then the multiplicative part of the universal finite fiat group scheme 
2trig[p] defines a section s° : — )• 2)rig of the projection vr over We denote by 

2)°f^ the image of s°, so that 7r|gord : 2)°[^ — > ^rig isomorphism of quasi-compact 

rigid analytic spaces. For a finite extension L of Q^, Kisin and Lai |KL05| defined an 
overconvergent Hilbert modular form of level roo(A^) and weight k with coefficients in L 
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to be a section of over X°/^ that extends to a strict neighborhood of X°i'^T . We denote 

— rig o rig,^ 

by Mt(roo(^), -^^) the space of such forms. This is a direct Umit of infinite dimensional 
Banach spaces over L. Moreover, the theory of canonical subgroups for Hilbert modular 
varieties allows them to define a completely continuous f7p-operator on Mt(roo(-/V), L). 
Note that a relatively weak formulation of the existence of canonical subgroups says that 
the section s° : ^rig extends to a strict neighborhood of X°[^, or equivalently the 

isomorphism 7r|mord extends to a strict neighborhood. Therefore, there exists a natural 
injection 

M^^(roo(iV) nro(p),L) ^ M|(roo(iV),L). 

We say an element / in Mt(TQ(j{N), L) is classical if it lies in the image of this injection. 
The main result of this paper is the following 

Theorem 1.3. Let f E mI(Tqq{N), L) be a Up-eigenvector with eigenvalue ap. Ifvp{ap) < 
min{/ci, A;2} — 2, then f is classical. 

Actually, we prove our main Theorem in a slightly general setting [2.161 Note that our 
results imply that, in the quadratic inert case, the classical points are Zariski dense in the 
eigencurve for overconvergent Hilbert modular forms of level roo(-^) constructed in |KL05| 
(See Theorem E^OD. 

Let's indicate the ideas of the proof. First, by rigid GAGA and a rigid version of Koecher 
principle (Prop. 12. 7p . we just need to extend / analytically to the entire analytic space 
2)rig. To achieve this, the key point is to understand the dynamics of Hecke correspondence 
Up on Sjrig (|2.14p . We will use extensively the work of Goren and Kassaei [GK09J. Three 
ingredients from their work will be important for us. The first one is the stratification 
on the special fiber defined by them; the second is their valuation on ^rig via local 
parameters; and the third one is the so-called "Key Lemma" |GK09l 2.8.1], which relates 
the partial Hasse invariants with the certain local parameters of Yk- In this paper, we will 
interpret their valuation on 2) rig in terms of partial degrees (cf. 14.71 14. Sp . They are natural 
refinements in the real multiplication case of the usual degree function, which has been 
introduced by Fargues jFalO ] and applied by Pilloni ^Pi09| to analytic continuation of p- 
adic Siegel modular forms. Actually, our work originates from an effort to understand the 
geometric meaning of Goren-Kassaei's valuation. Compared with the totally split case, 
our difficulty comes from the fact that the p-divisible group associated with a Hilbert- 
Blumenthal abelian variety (HBAV) with RM by Op is a genuine p-divisible group of 
dimension 2, so its group law can not be explicitly described by one-variable power series. 
We overcome this by using Breuil-Kisin modules to compute the partial degrees of the p- 
torsion of a HBAV. This approach is motivated by the recent work of Hattori |HalO| . These 
local computations via Breuil-Kisin modules combined with Goren-Kassaei's "Key Lemma" 
will give us enough information to understand the dynamics of the Hecke correspondence 
Up except the case mentioned in Prop. 14.161 or [5.111 In this exceptional case, we have to 
study in detail the local moduli of deformations of a superspecial HBAV. This is achieved 
in Appendix B by using Zink's theory on Dieudonne windows |Zi01| . Finally, we can prove 
that the form / extends to an admissible open subset of 2)rig that contains the tube over 
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the complementary to the codimension 2 stratum in Goren-Kassaei's stratification on ( 
Prop. I5.14p . By a useful trick invented by Pilloni in |Pi091 §7], this allows us to conclude 
that / extends indeed to the entire ^rig (Prop. I4.15p . 

1.4. This paper is organized as follows. In Section 2, we review the facts that we need on 
the Hilbert-Blumenthal modular varieties and state the main theorem 12.161 and its conse- 
quence on the density of classical points in the eigencurves for overconvergent Hilbert 
modular forms. In Section 3, we perform the computations mentioned above on the 
(Oir/p)-cyclic subgroups of a HBAV over a complete discrete valuation ring via Breuil- 
Kisin modules. In particular, we give an alternative proof (Thm. I3.14P for the existence of 
canonical subgroups in the Hilbert case proven in |GK09| . Section 4 is mainly dedicated 
to the review on Goren-Kassaei's work, and we provide also another proof of their "Key 
Lemma" using Dieudonne theory (Prop. 14. Sp . Section 5 is the heart of this work, and it 
contains a complete proof of Theorem 11.31 Finally, we prove our general main theorem 
12.161 in Section 6. The proof of the general case is a combination of the split case treated 
by Sasaki |SalO) and the case in Section 5. We have two appendices. In the first one, 
we gather some general results on the extension and gluing of sections in rigid geometry. 
In Appendix B, we study the local deformation space of a superspecial p-divisible group 
with formal real multiplication by Zps, where 5 > 1 is an integer and Zps is the ring of 
integers of the unramified extension of Qp of degree g. As a by-product, we see that the 
local moduli admits some canonical choices of local parameters Ti, • • • ,Tg such that the 
j»-divisible groups corresponding to Tj = admits formal complex multiplication by Zp2g or 
Zp9 ©Zp9 according to the parity of g (cf. Remark IB. 6p . These p-divisible groups (or those 
isogenous to them) seem to deserve more study, and should be considered as the canonical 
lifting (or quasi-canonical lifting) of the superspecial p-divisible group in the formal real 
multiplication case. We hope that we can return to the problem in the future. 

1.5. After I finished a preliminary version of this paper and distributed it among a small 
circle, V. Pilloni showed me a draft of his joint work |PS11 | with B. Stroh, where similar 
results were obtained independently. The infiuence of the works |Ks06| . [GK09j and [Pi09| 
on this work will be obvious for the reader. I express my hearty gratitude to their authors. 
I am especially grateful to Christophe Breuil for his careful reading of a preliminary version 
of this paper, and for his valuable suggestions. Finally, I also would like to think Ahmed 
Abbes and Liang Xiao for their encouragements and interest in this work, Kaiwen Lan and 
Tong Liu for helpful discussions during the preparation of this paper. 

1.6. Notation. Let F be a totally real number field with g = [F : Q] > 1, Op be its 
ring of integers, dp the different of F. Let p be a fixed prime number unramified in F. 
For a prime ideal p of Op above p, we put k(p) = Ol/P and denote by \k{p)\ = p^'' the 
cardinality of k(p). Let / be the l.c.m. of all /p with p|p, and n be the finite field with p^ 
elements, W = W{n) be the ring of Witt vectors with coefficients in k and = VF[l/p]. 
Let B be the set of embeddings of F into Q^. For each prime ideal p of Oi? dividing p, 
let Bp C IB be the subset consisting of embeddings /3 such that (i~^{pW) = p. So we have 
B = IJpipBp. If a denotes the Frobenius on Q^, then /3 1— )• a o /3 defines a natural cyclic 
action of Frobenius on each Bh. 
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In general, for a finite set I, we denote by |/| its cardinafity. 

Let Cp be the completion of an algebraic closure of Q^. All the finite extensions of 
are understood to be subfields of Cp. We denote by Vp the p-adic valuation on Cp, and by 
I • Ip : Cp —7- R>o the non-archimedean absolute value \x\p = p~^p(^\ 

2. HiLBERT MODULAR VARIETIES, HiLBERT MODULAR FORMS AND THE STATEMENT 

OF THE MAIN THEOREM 

2.1. Let 5 be a scheme. A Hilbert-Blumentlial abelian variety by Op (or a HBAV for 
short) over S is an abelian scheme A over S equipped with an embedding of rings l : Op ^ 
Ends' (^) such that Lie(^) is an Os ® O^-module locally free of rank 1. If ^ is a HBAV 
over 5, the dual of A, denoted by ^4^, has a canonical structure of HBAV over S. We 
denote by V{A) the fppf-sheaf over 5 of symmetric Ox-linear homomorphisms of abelian 
schemes A — > and by V{A)~^ C 'P{A) the cone consisting of symmetric polarizations. 

We fix a positive integer > 4 coprime to p. Let c be a fractional ideal of F prime to 
p, and c"*" C c be the cone of totally positive elements. Consider the functor 

: ALGvF SETS 

which associates to each M^-algebra R the set of isomorphism classes of triples {A/R, A, t/'at) 
where: 

• A is a HBAV over Spec(i?); 

• A is a c-polarization of A, i.e., an Oir-linear homomorphism A : c — > V{A) sending 
c"*" to V{A)~^ such that the induced map of fppf-sheaves on Spec(i?) 

a ® X ^ a ® A(x) i-^ A(x)(a) 

is an isomorphism. 

• il^M is an embedding of abelian fppf-sheaves of O^^-modules yUjv ® ^~p^ ^ ^[A^]- 
It's well known that this functor is representable by a smooth and quasi-projective scheme 

over Spec(T4^) of relative dimension g, which we usually call the c-Hilbert modular 
variety over W of level TooiN) {GMV, Ch. 4, §3.1]. By a result of Ribet, the fibers of X, 
are geometrically irreducible [GoOl. Ch. 3 §6.3]. 

2.2. Let Rhe a Vl^-algebra, and {A/R, A, ■0Af) be an object in X{R). An isotropic (Op/p)- 
cyclic subgroup if of ^ is a closed subgroup scheme H C A[p\ which is stable under Op, 
free of rank 1 over Op/p as abelian fppf-sheaf over Spec(i?), and isotropic under the 7- Weil 
pairing 

A[p\ X A[p\ A[p\ X A^[p\ fip 

induced by a 7 € 'P{A)^ of degree prime to p. So when A is defined over a perfect field k of 
characteristic p, a subgroup H C A[p] is (Oir/p)-cyclic if and only if its Dieudonne module 
is a free (k (8) C'i7)-module of rank 1. Let be the functor which associates to each W- 
algebra R the set of isomorphism classes of 4-tuples {A/R, X,'ipi\f , H) where [A/ R,\,ipis[) 
is an object in ^^{R), and H C A\j)\ is an isotropic (OL/p)-cyclic subgroup of A. The 
functor is representable by a scheme over Spec(W^). We call Y the c-Hilbert modular 
variety of level roo(A^) nro(p). The natural forgetful map (A/R, X,ip, H) 1— t- A, ■0) 
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defines a morpliism of VF-schcmes tt : Yc — >■ X^, which is finite etale of degree HpipCP'^'' + 1) 
on the generic fibers over Q^. 

Note that, for an object {A/R, X^, tpA,N, H) in Y^(R), the quotient B = A/ H is naturally 
equipped with a structure of HBAV. Let f : A ^ B he the natural isogeny and f^:B^A 
be the unique isogeny such that /o/* = p-l^ and o f = p-lA- If A : A®Of ^ — ^ 
isomorphism given by : c ^ V{A)^ we define a c-polarization on S by A^ = |(/*)*oAa : 
c V{A) V{B), where (/*)* : V{A) V{B) is given hy (p ^ {fyo4>°f- Finally, since 
H has order prime to N, the isogeny f : A ^ B induces an isomorphism / : A[N] ^ -BtA^. 

We define ips N as /xat 0dp^ '^a,n^ A[N] ^ B[N\. We get an object {B/R, XB,tpB n) in 
X,{R). 

Fix a finite set {ci, • • • , C/^+j of fractional ideals of F prime to p, which form a set of 
representatives for the narrow class group Cl^ of F. We put 

h+ h+ 
X = l[X,^ and Y = l[Y,,. 

i=l i=l 

We call X (resp. Y) the flilbert modular varities of level roo(A^) (resp. of level roo(-^) H 
To(p)). In the sequel, an object {A/R,X,ilJi\f,H) in Y{R) will be usually omitted as 
{A/R,H), or even as {A,H), if there is no confusions on the polarization A and the level 
structure t/^j^. 

2.3. Let T be the algebraic group (Reso^/zGm) ®z W over W, and X(T) be the group 
of characters of T. For any /3 G B = EmdQ(F, Q«^), let X/3 £ X(T) be the character 

T{R) = {R(g)OF)'' ^ R"" = G^{R) given by r0a^r/3{a). 

Then ix3)0eB form a basis of X(T) — > Z* over Z. For an element {kp)^^^ = X]/3eB ^/^/^ ^ 
Z*, we denote by = H/JeBX^'' the corresponding character of T. 

Let ^ — >■ X be the universal HBAV over X, and a; = e*ri^^j5j^ where e : X — >■ ^ is the 
unit section of A. This is a locally free Ox ® OF-module of rank 1, and we have 

/3eB 

where is the submodule of io.j\^ix where Op acts via x^. For any character k = {ki3)p^^ G 
Z", we define a line bundle 

/3eB 

By abuse of notation, we denote still by (J^ its pull-backs over Y via tt* . 

Definition 2.4. For a W^-algebra Ro, we call the elements of H'^{X (g) Roju'') (resp. 
iJ°(y (2> Ro,u}^)) (geometric) Hilbert modular forms with coefficients in Rq of weight k = 
Y^^kp- P and level roo(A'") (resp. of level roo(A'") n Tq(jp)) over Rq. 
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We have the fonowing modular interpretation of (geometric) Hilbert modular forms a la 
Katz. For each i?o-cilgebra R, we consider 5-tuples {A/R, A, ipN,H, uj), where {A/R, A, tpisr, H) 
is an element in Y{R) and uj is a generator of lJj^/^ = e*Q^^j^ as an i?(8>0i;'-module. Then 

a Hilbert modular form / of level FooC-^^) nro(p) of weight k over Rq is equivalent to a rule 
that assigns to each iZg-algebra R, each 5-tuple (A/ R, Xjip^ , H,uj) as above, an element 
f{A/R,H,uj) S R satisfying the following properties: 

. f{A/R,H,a-uj) = Xj:{a)-^f{A/R,H,uj) foi a e {R OfV ; 

• ii (p : R R' is a homomorphism of i?o-algebras and {A' / R' , X' H' ,uj') is the 
base change to R' of {A/R,X,ijjN,H,uj), then f{A'/R',H',uj') = (j){f{A/R,H,uj)). 

We have a similar description of Hilbert modular forms of level roo(-/V) over Rq, and we 
leave the details to the reader. 

2.5. We just recall some well known facts that we need on the minimal compactifications of 
Hilbert-Blumenthal moduli spaces. For more information, the reader may consult |Rap78 
ICh901 IKL05 ]. Let (c, c+) be a prime-to-p fractional ideal of Op- A Foo(iV) -cusp C of 
consists of the following data: 

(1) Projective Oi?-modules a and b of rank 1. 

(2) An isomorphism of O^^-modules b^^a — > c. 

(3) An exact sequence of projective C)i?-modules 

c)^^a"^ ^ L^b^O. 

(4) An embedding of abelian fppf-sheaves of OjT'-modules over Spec(VF) 

ic ■ fJ-N (S> i)p^ ^ L/NL. 

Set M = ab = b^c, and M* = Homz(M,Z) ~ a^^b^^O^^ = dp^a'^c. The positivity 
on c and that on t)i? induce natural positivities on M and M* . For each Foo(A^)-cusp C, 
we choose a rational polyhedral cone decomposition of M*"*" U {0}. We can construct a 
toroidal compactification X^^ of as in |KL05) . This is a proper smooth scheme over W 
that contains X^ as a Zariski open dense subset, and the boundary X^ — X,; is a relative 
normal crossing divisor in over Spec(Ty). There exists a semi-abelian scheme A with 
real multiplication hy Op over which extends the universal HBAV A over Xc- Finally, 
we can construct the minimal compactification X* of X from [KL05„l 1.8]. The scheme 
X* is normal and projective over Spec(VF) with normal fibers, and it contains also X^ as a 
Zariski open dense subset. There exists a canonical map X* such that the following 

diagram 



X, 




X,^ ^ X* 



is commutative. Even though the toroidal compactification X^ depends on the choice of the 
polyhedral decompositions, the minimal compactification X* is canonical. The boundary 
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X* — consists of finitely many copies of Spec(W) indexed by the roo(-^^)-cusps of X^. 
We put 

^* = II ^c, 

(c,c+) 

where (c, c"*") runs through a set of prime-to-p representatives for the strict ideal class group 
of Op- The {Ox ® Op)^ torsor co extends to X*, hence, for any k £ Zi^, the line bundle cJ' 
extends uniquely to a line bundle, denoted still by lJ', on X*. Moreover, the line bundle 
Lo} is ample on X*, where 1 = (1, • • • , 1) G |Ch901 Thm. 4.3 (ix)]. 

Following |Ch90| 4.5.2], we put Y* to be the normalization of Y over X* . This is a 
proper normal scheme over Spec(VF). By a result of [StQ^ (cited as (032])), the scheme 
Y is normal. Hence, Y is naturally a Zariski open dense subset of Y* . We call Y* the 
minimal compactification of Y. The boundary Y* —Y has a similar interpretation in terms 
of cusps. We define a roo(-/V)nro(p)-cusp (C, H) on y to be a roo(-/V) cusp C = (o, b, L, ic) 
together with an {O p / p)-cyclic subgroup H C L/pL. We say a roo(A^) nro(j?)-cusp (C, H) 
is unramified if H = a^^dp^ /pa^^dp^ C L/pL. It's clear that there are np|p(l^''^'' + 1) 
roo(-^) nro(p)-cusps above a roo(A^)-cusp, and one of them is unramified. The boundary 
Y* — y is a finite flat scheme over Spec(Pl^), whose generic geometric fibers are indexed 
by the Tqq{N) D ro(|?)-cusps. Note that since unramified Too H ro(j>)-cusps are defined 
over Spec(VF), each of them corresponds to a connected component of y* — y isomorphic 
to Spec(Vl^). However, in general, several roo(A^) H ro(p)-cusps on the generic fibers may 
specialize to the same point on the special fiber of Y* . Another important fact for us is 
that the local ring of the special fiber of Y* at the specialization of a cusp is normal [GK09t 
Proof of 7.1.1]. As usual, for k £ uj_^, we still denote by u/' the pull-back of the line bundle 
lJ' on X*. Note that is just ample on the generic fiber Yq^, but not on the special fiber 
Y* , because the canonical projection Y* X* is not quasi-finite. 

2.6. Let X and 2) be the respectively the formal completions of X and Y along their special 
fibers. The formal scheme X represents the functor that attaches, to each admissible p-adic 
formal scheme over Spf(Ty), the set of polarized HBAV with a roo(A^)-level structure; and 
we have a similar interpretation for 2). Let jCrig and ^rig be the associated rigid analytic 
spaces in the sense of Raynaud, A"q° and Yq^ be the analytic spaces over associated 
with the Q^-schemes Xq^ and Yq^. Similarly, we have formal schemes X*, 2)*, and their 
associated rigid analytic spaces X*jg, 2)*;g. Then we have natural inclusions of rigid analytic 
spaces 

Xrig C Xq^ C X*jg, 2) rig C Yq^ C 2)*ig. 

For any extension of valuation fields L/Q^, we use a subscript L to denote the base change 
of a rigid space over Q^; to L, e.g. Xrig,L, Xq^ p = Xf^, X*g p... For any weight A: G Z*, 

by an obvious abuse of notation, we still denote by lj^ the modular line bundles of weight 
k on the formal schemes X* and 2)*, and on rigid spaces X*j , 2)rig- 
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Proposition 2.7 (Koecher's Principle). For any finite extension L over Q^, we have a 
commutative diagram of canonical isomorphisms 

where the horizontal arrows are natural restriction map, and the vertical arrows are ana- 
lytification maps. 

Proof. First, the diagram above is clearly commutative. The top horizontal isomorphism is 
the classical Koecher principle [Ch90| Thm. 4.3(i)]. The left vertical isomorphism follows 
from rigid GAGA |AblH 7.6.11], since Y* is proper over Spec(T^). The lower horizontal 
arrows are clearly injective. By Corollarv I A. 51 the composite map 

^°(2)*g,^,^')^^°(2)Hg,L,u;'^) 

is an isomorphism, because the special fiber Y* is normal at the cusps. It follows that the 
lower horizontal arrows are isomorphisms, hence so is the right vertical one. This finishes 
the proof of the Proposition. □ 

Of course, the same proposition is still true with Y replaced by X. We leave the details 
to the reader. 

2.8. C/p-operators. We follow the treatment in |KL051 1.11]. If A is a HBAV over a 
W^-algebra R, we have a decomposition of finite and locally free group schemes over R 

p\p 

where p runs through all the prime ideals of Op dividing p, and A[p] is the subgroup scheme 
killed by all a € p. Then A[p] is a group scheme of (C'i;'/p)-vector spaces of dimension 2. 
We fix a prime ideal p of Op above p, and put k{p) = Opjp. Let C(p) be the scheme over 
Qk which represents the functor that attaches to a Q^-algebra R the set of isomorphism 
classes of 5-tuples A, '0Ar, i?, i^') where: 

• {A/R,X,tpiy,H) is an object in Y{R); 

• H' C A[p] is a closed (Oir/p)-cyclic isotropic subgroup scheme such that H' DH = 
{0}. 

We have two canonical maps 

(2.8.1) C{p) 




10 YICHAO TIAN 

given respectively by 

TTi {A/R, \,^N,H,H') = {A/R, \,^N,H) 

Tr2{A/R, A, ^N,H, H') = {B/R, \b, iPb,n, {H' + H)/H'), 

where B is the quotient abehan scheme A/H', Xb and ipB,N are the naturally induced 
polarization and level structure on B. Note that since we are in characteristic 0, both vri 
and TT2 are finite flat of degree |k(p)|. Let {A, A, ipN,H, H') be the universal object on C(p), 
and (f) : B = A/H' be the canonical isogeny. We have a commutative diagram 

A^ A — "^-^B ^A 



f /] 



/2 



Yq„ ^ C{p) == C{p) Fq., 

where both the left and right squares are cartesian. We have a natural morphism of 
(Oc(p) ® C'F)^-torsors: 

^2i^/YQj — > /2*(^B/C(p)) ^ h*(P'A/C{p)) T^li^/YaJ, 
which induces a natural homomorphism of line bundles 

for any G Z®. We define the C/p-operator on the space H'^{YQ^,io'') as the composite 
(2.8.2) 

where "tr" is induced by the trace map ■KuTv'l{iJ') — )■ w^. Exphcitly, if L is a finite 
extension of Q^, {A/L,H) = {A/L, X,ipN,H) is an element in Y{L), and a; is a generator 
of LOj^ = e*0.]^^j^ as an (L (g) C'F)-module, then we have 

(2.8.3) (^uMA/L,H,u) = y-^ ^ f{A/H',{H' + H)/H',p-'4>*iu;)), 

I'^^P^I H'cAlp] 
H'nH=0 

where H' runs over all the Oir-subgroup of A[p] of order \k{p)\ with H H H' = 0, and 
^ : A/H' ^ A is the canonical isogeny with kernel A\p]/H'. 

2.9. Norms. Let k = X]/3eB % € Z" be a multi- weight. For any quasi-compact admissible 

open subset V C ^rig, we define a norm on the space H^{V, lJ') as follows. Let L be a finite 
extension of Q^, and Q = {A,H) € 2)i.ig(L) be a rigid point, i.e. a morphism of formal 
schemes Q : Spf(OL) 2) such that (5*(2t, i^) = {A,H), where (21, i^) is the universal 
formal HBAV together with its universal isotropic (Oi;'/p)-cyclic subgroup over 2)rig- Let 
a; be a generator of the free {Ok <8> Oir)-module w^, and up be its /3-component for any 
/3 G B. Then 
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is a basis of the Oi<:-module Q*{ui'^)- For any element / G Q*{'^) ®Ol -^j we write 
/ = f{A,H,uj)u'^ with f{A,H,uj) G L, and define 

\f\ = \f{A,H,u)\p. 

For any admissible open subset V C 2)rig! and a section / € //'^(y, w'^), we define 

= sup |/(g)| GR>oU{oo}. 
Qe\v\ 

If y is quasi-compact, then G R>o by the maximum modulus principle in rigid 

analysis, and H^{V,lj^) is a Q^-Banach space with the norm | • |y. If F is clear from the 
context, we usually omit the subscript V from the notation. 

2.10. Hgisse Inv£iri£ints. Let i? be a K-algebra, and ^ be a HBAV over R. Let uja/r = 
H'^{A, be the module of invariant 1-differentials of A relative to R, and Lie(A) be the 
Lie algebra of A; so we have Lie(v4) = Hom/?(a;^/^, R). The Verschiebung homomorphism 
Va : A^P') A induces a map of i?-modules HW : Lie{A)^P^ Lie(^), where Lie{A)'^P'> is 
the base change of Lie (A) via the absolute Frobenius endomorphism : a ^ oi R. 
Equivalently, we have a canonical map 

Note that l^Iair is a locally free R (g) Oi^-module of rank 1, and let i^ajr ~ ©/JeB— A/i? /3' 
where oja/r^p is the direct summand on which Op acts via the character Xj3- Thus we have 
a decomposition h = ©/3eB^/3) where 

(2-10-1) hp ■■ ^a/r,^ ^ ^A/^,,-io;3- 

The morphism h[s thus defines a Hilbert modular form (with full level) of weight p-a^^of]—/] 
over K, and we call it the P -partial Hasse invariant. The product E = n^^g /i/3 is thus a 
Hilbert modular form of weight (p—l) X^^^b called simply the Hasse invariant. If 

A is a HBAV over an algebraically closed field containing k, the Hasse invariant E(A) 7^ if 
and only if A is ordinary in the usual sense, i.e., the finite group scheme A\p\ is isomorphic 

to fi^p X (z/pzy. 

2.11. Let Xk, be the special fibers of X and Y , and X'^^ be the locus where the Hasse 
invariant h does not vanish, or equivalently the open subschema of X^ parametrizing 
polarized ordinary HBAV. For a HBAV A over a /t-algebra R, the kernel of the Frobenius 
homomorphism of A is naturally an (Oi?/p)-cyclic isotropic subgroup of A\p\. In other 
words, the kernel of Frobenius defines a section ,s : X^ — > of the projection tt : 1^ — >■ X^. 
We put Y^"^ = In particular, Y^"^ is isomorphic to X^^"^. 

Let X°'^'^ and be respectively the open formal subschemes of j£ and 2) corresponding 
to the open subsets X°^^ C X^, and Y^""^ C F^, and and 2)°fg^ be the associated rigid 
analytic generic fibers. Then X°l'^ and 2)°f^ are respectively quasi-compact admissible open 
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subsets of Xrig and 2)rig- Let (21, Xjipisi) be the universal formal HBAV over X. Over the 
ordinary locus 36°''*^, we have an extension of finite flat Oi^-group schemes 

^ 2l[p]^ ^ 2t[p] ^ 2l[p]'^' ^ 0, 

where 2t[p]'^* is etale of order p^, and 2l[p]^ is of multiplicative type and lifts the kernel of 
Frobenius of 2l(8>vF k. The finite flat subgroup 2t[p]'^ is (Oi?/p)-cyclic and isotropic for the 
Weil pairing induced by the polarization A, and it deflnes thus an section s° : 2)°'''^ 
lifting the section s : X°'^'^ given by the kernel of Frobenius. In particular, the 

natural projections 2)™'^ — )• and 2}°f^ ^"ig canonical isomorphisms. 

Definition 2.12. Let L be a finite extension of Q^- 

(i) For k E Z^, an element of H^{X"l^i^,iJ^) is called a p-adic Hilbert modular form of 
level roo(A^) and weight k with coefficients in L. 

(ii) We say an element / € H^{X°l^i^,ui^) is over convergent if / extends to a strict 
neighborhood V of X.'^l^i^ in Xrig,L. We put 

m\{T^o{N),L) = \imH\V,J) 
V 

where V runs over the strict neighborhoods of X.™^^ in Xi-ig,L, and we call it the space of 
overconvergent p-adic Hilbert modular forms of level PooC-^) and weight k. 

Remark 2.13. By the theory of canonical subgroups (cf. |KL05l §3] and |GK091 Thm. 
5.3.1]), the isomorphism of ordinary loci vr : 2)°[^ — > X°[^ extends to a strict neighborhood 
of 2)°[^ in 2)rig- Therefore, the natural notion of (overconvergent) p-adic Hilbert modular 
forms of level roo(-^) H Tq[p) is the same as its counterpart of level roo(A^)- Hence, we can 
always consider an element / € Mt(roo(-A^), L) as a section of lJ' over a strict neighborhood 

We refer the reader to |Be96| for the definition of strict neighborhood. Here we construct 
an explicit fundamental system of strict neighborhoods of X°f^^ in 3Crig,L by using the Hasse 

invariant. Let &o be a lift in w^^o^P-^)^), where 1 = (1, • • • , 1) € Z", of fco-th power 

of the Hasse invariant for some integer t > 1 . The existence of such a lift follows from 
Koecher's principle and the fact that is ample on the minimal compactification X* . 
For any rational number < r < 1, we denote by '3i"l^i^{r) the admissible open subset 

of Xrig,L where \E^\ > r*. Since the Hasse invariant is well-defined modulo p, the subset 
Xrig,L(r') does not depend on the choice of the lift E^'^ if p~^l^o < r < 1. It is clear that 
^rig,L(l) = ^rig^L' ^"^^ ^^e Xrig^L(r)'s form a fundamental system of strict neighborhoods 
of X°™, in Xrig^i. Hence, we have 

MUroo(iV),L)= hm H\X'^lL{r),ui^). 
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Note that each H^{X°f^j^{r) ,1^) is a Banach space over L, and the natural restriction map 

for < r < r' < 1 are compact |KL05| 2.4.1]. Therefore, Mt(roo(^), -^^) is (compact) 
direct hmit of Banach spaces over L. 

By Remark 12. 13| we have a natural injective map 

where we have used Prop. l2.7l for the first isomorphism. We denote its image by M^(roo(-^)n 
Vq[p),L), and call them the classical Hilbert modular forms. 

2.14. For a prime ideal p of Op above p, let C{)p)^^ be the rigid analytification of the 
scheme C(p) over considered in l2.81 Then just as C(p), the rigid space C(p)'^'^ represents 
an analogous functor in the rigid analytic setting, and we still have a universal object 
{A'^°,\,iiN,H,H') over C(p). We have analogous morphisms 7ri,7r2 : C(p)^° — > Yq". We 
put 

C(p)rig = vrri(2)Hg) = 7r2-H2)rig). 
The rigid analytic space C(p)rig is the locus of C(p)^" where A'^'^ has good reduction, it 
classifies the objects (A, H, H'), where (A,H) is a rigid point of 2)rig) and H' C A\p] is a 
group scheme of (Oir/p)-vector space of dimension 1 with H f] H' = 0. We have a rigid 
version of the Hecke correspondence: 



C(P) 



ng 





?)rig 2) rig 

given by tti{A,H,H') = (A, H) and 7r2iA, H,H') = {A/H', {H + H')/H'). We have also 
a set theoretical Hecke correspondence between the rigid points of 'tQrig 

(2.14.1) C/p : 2}rig ^ 2)rig 

Here, it's an obvious notation for convenience, because Up is not really a morphism of rigid 
analytic spaces. If U and V are admissible open subsets of 2)rig such that Up{U) C V ^ i.e. 
t:^'^{U) C 7r^^(y). A rigid version of the formula (I2.8.3P defines the C/p-operator 



U, : H\V,J) % H\T,:^\V),nlJ) ^ H^{7r-\U),7rlJ) H\U,J). 

Lemma 2.15. The ordinary locus 2)°fg is stable under the Hecke correspondence Up, i.e. 
we have 7T2{7r^HW.i)) C 2)°gl. 

Proof. Let L be a finite extension of Q^, {A,H) G ^T)°f^{L) be a rigid point, i.e. yl is a 
HBAV over Ol with ordinary reduction, and H C A\p\ is the multiplicative part. We have 
to show that {A/H',{H + H')/H') stih lies in 2}™^ for any isotropic (C'i;'/p)-subgroup 
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H' C ^[p] with H' n H = 0. Actually, such a H' is necessarily etale over Ol. Therefore, 
the isogeny A — )• A/H' is etale, and the subgroup (H + H')/H' is the multiplicative part 
of the HBAV yl/i?'. □ 

This easy Lemma implies immediately that a f/p-operator analogous to the classical case 

can be defined on the space ff*^(2)°f^^, w'^) for any weight k € and any finite extension L 
of Qfj. In order to show that overconvergent p-adic Hilbert modular forms are stable under 
Up, we need to extend canonically the section s° : ^"ig ^° ^ strict neighborhood 

of As already mentioned in Remark 12.131 this is the theory of canonical subgroups, 

and it has been developed by many authors (cf. for instance [KL05j and [GK09j ). The 
main result of this paper is the following 

Theorem 2.16. Let f be an element ofM.t{T()Q{N),L). Assume that for every prime ideal 
p of Op above p, we have [k{p) : Fp] < 2 and Up{f) = Opf with Vp{ap) < kj^ — [^(p) : Fp] 
for all (3 € Bp, then f is classical, i.e., f € Mg(roo(A^) H Tq{p), L). 

Remark 2.17. It is reasonable to expect that the theorem is also true without the re- 
striction [k(p) : Fp] < 2. The main obstacle to this generalization is that the geometry 
of Y in the higher dimensional case is too complicated, and we don't well understand the 
dynamics of the C/p-operator. 

In the reminder of this section, we suppose p > 3, and indicate some consequences of 
our results on eigencurves for overconvergent Hilbert eigenforms. 

2.18. We follow the treatments in |KL05) . Let L be a finite extension of Q^, and i? be a 

Banach algebra over L with a submultiplicative norm | • | and Z ^ R such that \Z\ < p p-i . 
We fix an integer /cq > coprime to p such that the kQ-t\i power of the Hasse invariant lifts 

to E'^o G i?°(X,a;'=o(P-i)^). For k G , Kisin and Lai defined in |KLn51 4.2.3] the space 
of overconvergent Hilbert modular forms over R of level roo(A^) and weight k + Z to he 
space 

(2.18.1) m[ (roo(A^),i?) = \\mH\V,J)®ci^R, 

V 

where V runs over a fundamental system of quasi-compact strict neighborhoods of X°f^ 
in Xrig. This space is equipped with an action of the Hecke operators (resp. for 

each ideal a <Z Op coprime to pN (resp. not coprime to pN). We point out that Kisin- 

1 

Lai's definition of these operators involves the lift E^^ , and if Z = 0, we come back to 
the definition (j2.12p . We denote by Tt^^(/i7v) the ring of endomorphisms generated by 

these operators as a runs over the ideals of Op- Let / € M.'L^^{Tqq{N), R). We say / 
is an eigenform if it is non-zero and a simultaneous eigenvector of all the operators in 
irt (/^Af)- We say an eigenform / has finite slope if it's an eigenform and the eigenvalue 



of U^p) = riplp Up is non-zero, i.e. f/(p)(/) 7^ 0. 



it 

k 

convergent modular forms of integer weights in the following sense. Let L' /L be a finite 



According to |KL051 4.2.8], the space ML (roo(A^),-R) interpolates the p-adic over- 
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extension, ■0 : i? — > L' be a homomorphism of L-algebras sending Z to {p — l)kQt for some 
t G Z>o. Then for each Hecke operator T = or T = Ua, V' induces a commutative 
diagram 



Mt^^(roo(iV), R) ^ Mt (roo(iV), L') ^ Mt^^^_^^^,^^.(roo(iV), L'). 

2.19. Let S be set of infinity places and all the finite places of F dividing pN , and Gf,s 
be the Galois group of the maximal algebraic extension of F in C which is unramified 
outside S. Let / be a Hilbert cusp eigenform of level Tqq{N) R Tq{p) and weight E Z*, 
where the integers fc^'s are > 2 and have the same parity. We may suppose that the 
Fourier coefficients of / at cusps are in C Ocp) where O/ is the normalization of Zp in 
a finite extension Kf of Qp. Let Fj = Oj/moj be the residue field of Of. Then by the 
work of many people |Ca86| ITa89| IBR93| , we know how to associate to / a 2-dimensional 
Galois representation (pf,Vf) of Gf,s over Kf. The representation pf is characterized by 
the condition that, for any prime ideal q ^ of Op, trace(pj(Frobq)) coincides with the 
eigenvalue of Tq on /, where Frobq denotes an arithmetic Frobenius element in Gp^s ^it q. 

If C Vj be a G^^s-stable Oj-lattice of Vf, we put V f = Lf ®Of F/ by the abuse 
of notation, and denote by the resulting representation of Gf,s over Fj. Note that 
the isomorphism class of pj is only determined by pf up to semi-simplification. We call 
such a p/ p-modular residual representation of Gf,s^ ^-nd call the pseudo-representation 
associated with the semi-simplification of pj a p-modular pseudo-representation. 

Let p be a p-modular pseudo-representation of Gp^s over a finite field F. We denote by 
R^'^"{'p) the universal deformation ring of p, whose existence is proved in |CM98| 5.1.3], 
and by p""^'^ the universal pseudo-representation of Gf,s over R'^^"('p). Let Z{'p) be the 
rigid analytic space over L attached to R^^"{'p) (8'v^(f) L, and W be the weight space over 
L of Res0^/zGm, i-e. the rigid space over L which to an affinoid algebra A over L assigns 
the set of continuous ^d^-valued characters of {Of®z Zp)^. By the local class field theory, 
the determinant det(p^°^^) defines a character (©F^zZp)^ — t- R^'^"{j)), i.e. a map of rigid 
analytic spaces Zij)) — >• W. 

Fix a weight A; € Z* such that all the kps have the same parity. We denote by the 
subspace of W whose points in a complete subfield L' C Cp containing L, correspond to 
characters x ■ (C'f Zp)'^ L'^ such that there exists zq G L' with Vp{zo) > — 1 
and X = • (Nm)^", where Nm = Xi '■ (C'f <S> Zp)^ Z^ is the natural norm map, and 
a I—)- (a) is the projection Z^ — > (1 + pZp) defined by the canonical isomorphism 

Z^c^iZ/pZr x(l+pZp). 
Then is a one-dimensional rigid closed subspace of W. We denote by 

x"°'^:(Op0Zp)>^^O(>Vg)^ 
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the universal character, and by Z the rigid analytic function on such that x""^'^ = 
• (Nm) . We have \Z\ < p , and Z establishes an isomorphism of rigid spaces over 

L 

Z:W^^ BLiO,p'^^) = {x € Cp\vp{x) > ^ - 1}. 

We denote by -Zg(p) the inverse image of in Z('p). We put 3^^(p) = ^^(p) ^ Gm,L x 
P^j^ggA^, and denote by Xp the canonical coordinate on Gm,L, the coordinate on 
A]^. We denote also by Z the rigid analytic function on 3^^(p) induced by the canonical 
projection 3^^(p) — )• W^, and by the same notation the analytic function on y^ip) induced 
by that on Z^ij)). 

Kisin and Lai proved in |KL051 4.5.4] that there exists a rigid analytic closed subspace 
C that interpolates p-adic overconvergent Hilbert eigenforms of finite slope. 

More precisely, it satisfies the following properties: 

(1) For any closed subfield L' C Cp containing L and any c G C^(p)(Cp), there exists 
an eigenform /c € Mt (roo(-A^), L') of finite slope, such that, if Ac,t denotes the 

eigenvalue of T € tI ,(/^Af) on /c, we have \c,U( ) = Xp{c), and for all primes q 
of Of 

A,^r, = trace(,9"""(Frobq)) if q ^ 5 and Xc,u, = Xq{c) if q G 5. 

(2) For any zq € L' with Vp{zo) > — 1, and c G Cj:{'p){L'), the association c i— )• 
{Ay^dj.p'j't / N induces a bijection between c € C^(j)){L') with .^(c) = 2:0, 

and systems of Tt (//Ar)-eigenvalues arising from the eigenforms of finite slope in 

We say a point c G C^{'p){L') is classical, if 2'(c) = (p — l)A;o^ for some integer t € Z>o, 
and the image of fc under the composite map 

<z(c)(roo(iV),^') - Mt(roo(iV),L') ^ Mt^^^_^^^^^^.(roo(iV),L') 
comes from an element of M^_^^^_-^^i^^^_^^(Too{N) n ro(p), L'). 

Theorem 2.20. Assume p > 3 and [k{p) : Fp] < 2 /or a// prime ideal p C C_f dividing p. 
Then the classical points are Zariski-dense in Cj^ij)). 

Proof. Let C be an irreducible component of C^ij)). It suffices to prove that C contains 
infinitely many classical points. Let 7r^(p) '■ ^ki'p) ~^ natural projection onto 

the weight space. By the same argument of |CM98| Thm. B], the morphism 7r^(/o) is 
component-wise almost surjective in the sense that, for every irreducible component of 
C^(7j), the complement of its image in consists of at most a finite number of weights. 
Therefore, there exists an admissible affinoid subdomain B C C such that its image Wq in 
is an affinoid domain containing a closed disk with center zq = (p — l)koto € Wq of radiu 
for certain n £ Z>o. By the maximum modulus principle, there exists a real number 
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a > such that the slopes Vp{xp{c)) < a for any prime p of F dividing p and any c S B{L), 
where L denotes the algebraic closure of L in Cp. Hence, there are infinitely many points 
c G B{L) such that we have Z{c) = {p — ^)kot, and kp + [p — l)kot > a + 2 for all /3 G B. 
By property (1) of the eigencurve C^(p) and Theorem 12.161 such a point c corresponds to 

classical Hilbert modular forms of level roo(A^) H Tq{p) and weight k + {p — l)A:otl. □ 



3. Finite flat group schemes with RM and Breuil-Kisin modules 

3.1. We recall first the theory of Breuil-Kisin modules for finite flat group schemes. Let k 
be a perfect field of characteristic p > 0, W{k) be its ring of Witt vectors, and K he a. finite 
totally ramified extension of Ko = W{k)[l/p] of degree e, and Ok be its ring of integers. 
Fix a uniformizer vr of K with Eisenstein polynomial E{u), and put (3 = M^(A;)[[tt]]. We 
equip S with the endomorphism 93 which acts on W{k) via Frobenius and sends u to vP. 
A finite torsion Breuil-Kisin module (of height 1) is a finite S-module SOT equipped with a 
99-linear endomorphism 99 : 9Jt — > 9JT verifying the following properties: 

(1) QJt has p-power torsion. 

(2) SOT has projective dimension 1 as ©-module, i.e. there is a two term resolution of 
SOT by finite free ©-modules. 

(3) The cokernel of the linearized map 

is killed by E{u). 

We denote by Modg'^'^ the category of finite torsion Breuil-Kisin modules (of height 1). 
Note that © is regular local ring of dimension 2, a finite ©-module has projective dimension 
1 if and only if it has depth 1. Therefore, condition (2) in the definition above is equivalent 
to saying that QJt has no u-torsion. Similarly, a finite free Breuil-Kisin module (of height 
1) is a finite free ©-module 9Jl equipped with a 93- linear endomorphism : SOT — ?> QJl such 
that the third condition above is satisfied. We denote by Modg the category of finite free 
Breuil-Kisin modules (of height 1). By a Breuil-Kisin module, we mean an object SOI in 
either Modg"^*^ or Modg depending on the situation. For a Breuil-Kisin module 9Jt, the 
map \®(p: (/9*(9Jt) — )• is necessarily injective |Ki09a| 1.1.9], and we denote its image by 
(1®(^)V?*(9JI). 

The main motivation of studying Breuil-Kisin modules in this paper is the following 
theorem due to Kisin [ Ki06l 0.5] when p > 3, to Eike Lau |LalO| 7.6, 7.7] and Tong Liu 
|LilO| 1.0.1, 1.0.2] independently when p = 2. 

Theorem 3.2. There is a natural anti- equivalence between the category of commutative fi- 
nite and flat group schemes over Ok ofp-power order and the category Modg'^'^. Similarly, 
the category of p- divisible groups is naturally anti- equivalent to the category Modg. 

The following Proposition will be fundamental for our application of Breuil-Kisin mod- 
ules to the analytic continuation of Hilbert modular forms. 
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Proposition 3.3. Let G be a finite and flat group scheme (or a p-divisible group) over 
Ok- Let 9Jt be the Breuil-Kisin module associated with G. Then there is a canonical 
isomorphism of Ok -modules 

ujG ^ m/{i^ip)ip*{m), 

where ujq is the module of invariant differentials of G. 

To prove this proposition, we need Breuil's filtered S-modules. Let S be the p-adic 
completion of the divided power envelop of VF(A;)[n] with respect to the principal ideal 
{E{u)), i.e. 5" is the completion of subring : ^ > 1] of i^oM) andFil^5 C S 

be the kernel of the natural surjection S — )• Ok sending n i— )• vr. We note that S is 
naturally a subring of S, and the endomorphism ip on & extends to S. We check easily 
that 99(Fil^5) C pS, and we put (fi = |<^lFiii5 and c = (pi{E{u)). A filtered S'-module 
{A4,Fil^A4, If i) consists of the following data: 

(1) A finite generated 5-module M and a submodule Fil^TW with E{u)M C Fil^TW. 

(2) A <y9-linear morphism (fi : Fil^A^ — t- A4 such that, for s G Fil^5 and x G A4, we 
have ipi{sx) = 2'Pi{s)(pi{E{u)x), and the image of generates Ai as an 5- module. 

We denote by MF5 the category of filtered S*- modules. It has a natural structure of an 
exact category. A sequence is short exact if it is short exact as a sequence of S'-modules, 
and induces a short exact sequence on File's. 

Let m be an object in Mod^'''' or Mod|. We can associate covariantly with VJl a 
filtered ^-module as follows. We put M{Tt) = S (^e^^Tt, and define Fil^A4(aK) to be the 
submodule of A^(9Jl) whose image under the morphism of S'-modules 

lies in Fil^^C^e^- The morphism ipi : Fil^A1(9Jl) — )• A4(JM) is defined to be the composite 

Fi\^ M{m) ^ Fill 5 ^ 1^ g ^^^^ m = M{m). 

By [LnOl 8.1], {M{m),Fil^M{m), is an object in MF5, and the functor Tl ^ M{m) 
is exact. By definition of Fil^ A4{dJl), we have an embedding |Ki09a| 1.1.15] 

M{m)/Fil^M{Tl) ^ S 0e ^/{Fil^S ®6 ^) ^ Tl/E{u)m, 
which induces an isomorphism 

(3.3.1) M{m)/Fii^M{m) ^ (1 «) ip)ip*{m)/E{u)m. 

If dJt is an object in Modg, then (1 (g) (p)(p*{Tl) is free over &. So the ©-module (1 (g) 
<^)9J*(9Jl)/£'(«)2Jl has projective dimension 1, hence depth 1. It follows that 7W(S[R)/Fil-'^A^(9JT) 
and (1 (g ip)ip*(jM)/E(u)^ are actually finite free Oi^-modules. 

Lemma 3.4. Let DJl be an object in Modg"^*^ or Modg as above. We have a canonical 
isomorphism 

Fii^M{m)/Fii^SM{m) ~ m/{i «) ip)ip*{m). 



CLASSICALITY OF OVERCONVERGENT HILBERT EIGENFORMS 



19 



Proof. The following construction was indicated to me by Tong Liu. Consider the map 
1 99 : ip*{Tl) Tl. Motivated by the definition of M{Tl), we put 

FilV*(9?^) = {xe ip*{m) I (1 8) ip){x) G E{u)m}. 
Thus 1 (S) (p induces an isomorphism 

(3.4.1) (/?*(9n)/FiiV*(9Jt) ^{1(8) <f)^*{m)/E{u)m. 

We denote by 

ipf : FilV*(97t) 

the natural map given by x i-t- (1 (8) >^){x) / E{u). Then Lp^ induces an isomorphism 

(3.4.2) Vi\^^*{m)/E{u)^*{m) ^ ® (/?)v7*(9K). 

On the other hand, the natural inclusion induces an inclusion l : ip*{'Oyt) ^ A4(jM). 

We check easily that i(Fil"'^(/7*(9Jt)) C Fil^7W(9Jt), and we have a commutative diagram of 
exact sequences 

— ^ Fillip* {m)/E{u)(p*{m) ^ip*{m)/E{u)ip*{m) — ^^*{Ti)/Fii^(p*{m) — 

^ Fil^M{m)/Fil^SM{m) ^ M{Tl)/F[l^SM{m) ^ M{m)/Fil^M{m) ^ 0, 

where the vertical arrows are induced by l. The middle vertical arrow is easily seen to be 
an isomorphism, and so is the right vertical map because of (j3.3.ip and (j3.4.ip . It follows 
that the left vertical one is also an isomorphism. In view of (|3.4.2p . the lemma follows. 

□ 

Proof of Prop. \3.3[ Let M = M{Tl) be the filtered S'-module associated with G. By 
Lemma 13.41 it suffices to prove that we have a canonical isomorphism 

ujG ^ Fil^M/Fil^5M. 

If G is a p-divisible group, this follows from |BBM82| 3.3.5] or |LalO| 8.1] and the fact 
that Ai is the evaluation of the Dieudonne crystal of G at the PD-thickening Spec(Ci^) ^ 
Spec(5). If G is finite flat group scheme over Ok, then G can be embedded as a closed 
subgroup scheme into ap-divisible group Gq over Ok [ BBM821 3.1.1]; we put Gi = Gq/G. 
We denote respectively by A4o and A4i the filtered S'-modules associated with Gq and Gi. 
Since all the constructions are functorial in G, the exact sequence of groups ^ G — ?> 
Go — Gi — 7> induces a commutative diagram of exact sequences of C'i<--modules 

^ ^Gi ^Go *- 

' ' ' ' ' ' 

^ Fil^Mi/Fil^SMi ^ Fil^Xo/Fil^^Xo Fil^M/Fil^SM ^ 0. 

Since the left two vertical arrows are isomorphisms, it follows that so is the right one. 

□ 



20 



YICHAO TIAN 



3.5. Zp9-groups. Let g > he an integer, Qps be the unramified extension of Qp of degree 
g, Zpg be its ring of integers. We assume k contains Fps. We identify Emdz (Zp9,Oj^), 
the set of embeddings of Zps into Ok, with Z/gZ, and the natural action of Frobenius on 
Emdzp(Zpfl, Ok) is identified with i i— )• i + 1. For an {Ok "X" Zp9)-module M, we have a 
canonical splitting M = ©igz/^z-^i) where Zps acts on Mi via the i-th embedding. If N is 
a finite torsion Oj^-module, we choose an isomorphism A'" ~ (Bf^iOK /{li) with aj € Ox, 
and define the degree of to be 

d 

i=l 

A Zpg -group over Ok is a commutative finite and flat group scheme over Ok endowed 
with an action of Zpg. Fargues [iFalOj defined the degree function of a finite flat group 
scheme over Ok- We give a reflnement of this function for Zps -groups over Ok- 

Definition 3.6. Let G be a Zps-group over Ok, and coq = ®iez/gZ^G,i be its module of 
invariant differential forms. We put 

degj(G) = deg(a;G,i), 
and we call it the i-th. degree of G. 

Hence, the degree function of Fargues is deg(G) = ^i^z/gZ^^^ii^)- If — > Gi ^ 
G — 7- G2 ^ is an exact sequence of Zps -groups over Ok, we have an exact sequence of 
Ok ^ Zp9 -modules 

LJG2 ^ -5" 0; 

hence we have degj(G) = degj(Gi) -|- degj(G2) for any i G Z//Z. 

Recall that a scheme of 1-dimensional Fps-vector spaces over Ok is a Zps-group G over 
Ok such that G{K) is an Fps-vector space of dimension 1, where K is an algebraic closure 
of K. According to Raynaud's classification of such finite flat group schemes |Ra74| 1.5.1], 
we have an isomorphism of schemes 

(3.6.1) G ~ Spec(Ox[ri : i G Z/gZ]/{Tf_^ - aiT,)i^z/gz) , 

for some Oj G Ok with < t'p(aj) < 1. Using this isomorphism, we have degj(G) = Vp(ai) 
for i G Z/gZ. This following Lemma is a refinement of [FalO| Cor. 3]. 

Lemma 3.7. Let (p : H G be a homomorphism of schemes of \- dimensional Fpa-vector 
spaces over R that induces an isomorphism on the generic fibers. Then for any i G Z/gZ, 
we have 

9-1 9-1 
^p' deg,_,.(G) > ^p'deg,_,(i/). 
i=o j=0 
Moreover, all the equalities hold if and only if (p is an isomorphism. 

Proof. Let (oi)jgz/gZ (resp. (^j)igz/gz) be respectively the elements in Ok appearing in 
an isomorphism as (j3.6.ip for G (resp. for H). We have degj(G) = Vp{ai) and degj(-ff) = 
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Vp(bi). The existence of (/> implies that there exist Ui € Ok for all i € 'Z/gZ such that 
aiUi = biU^_^ jRa74| 1.5.1]. Hence, we have 



9-1 / \ 9-1 „,p- 



,3 + 1 



The lemma follows immediately from the fact that Vp{ui) > 0, and that (j) is an isomorphism 
if and only if Vp{ui) = for all i G Z/f^Z. □ 

3.8. We describe the Zpg-groups over Ok in terms of Breuil-Kisin modules. A Zpg-Breuil- 
Kisin module is an object SUt in Modg""^ together with an action of Zps commuting with 
ip. Equivalently, a Zps-Breuil-Kisin module 9Jt is an (S (E> Zp9)-module SOT = 0jgz/gZ^i 
satisfying the following properties: 

(1) each is killed by some power of p; 

(2) each QJtj has projective dimension 1, i.e. SOTj has a two term resolution by finite 
free S-modules; 

(3) there is a (^-linear endomorphism (/? : 2Jt — > SUt such that ip{dyti) C 9Jti+i and the 
cokernel of the linearization 1 ip : 99*(9Jtj) — )■ is killed by E{u). 

We denote by Modg^2j,9 the category of Zps-Breuil-Kisin modules, and the morphisms 

in Modg^2 g 9'i'6 homomorphisms of (6 Zp9)-modules commuting with ip. Let 9Jt be 

an object of Modg^^gpg • We define the i-th degree of S[R as 

deg,(9Jt) = ieng(^5Jt,/(l vp)99*(5Jti_i) 

Here, "leng" denotes the length, and the factor ^ will be justified in Lemma 13.91 If — >■ 
£— >-9Jt— >-9T— )-Oisan exact sequence in Modg^^ g i it follows from an easy diagram 
chasing that 

deg,(9Jt) =deg,(£)+deg,(51) 

for any i G Z/gZ. 

From Theorem 13.21 it follows easily that the category of Zpg-groups over Ok is anti- 
equivalent to the category Modg^^ps • 

Lemma 3.9. Let G he Zpg -group over Ok, o,nd 971 he its corresponding Zpg -Breuil-Kisin 
module. Then we have degj(G) = degj(9n) for i € Z/gZ. 

Proof. Since the isomorphism in Prop. 13.31 is canonical, it necessarily commutes with 
Zp9-actions. We have an isomorphism of {Ok ^ Zp9)-modules 

ieZ/gZ ieZ/gZ 

The lemma follows immediately. □ 

Definition 3.10. Let n > 1 be an integer, G be a truncated Barsotti-Tate group of level n 
over Ok equipped with an action of Zp9. We say G has formal real multiplication (or just 
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RM for short) by Zps if G has dimension g and height 2g and ujg is a free {Ok/p^ ® Zps)- 
module of rank 1; in particular, we have degj(G) = n for i € Z/^iZ. 

By |Ki06t 2.3.6], an object 5[R of Modg^2 9 correpsonds to a truncated Barsotti-Tate 
group of level n over Ok with RM by Zps if and only if 

(a) 5Jt is a free [G/p^ ® Zp9)-module of rank 2g; 

(b) (g) 93)(/?*(Wt) is a free {Ok/p^ Zp9)-module of rank g. 

Let 971 = ©igz/gZ^i be such a Zps-Breuil-Kisin module. For each i G Z/(jrZ, we have a 
filtration of free Oi^/p'^-modules 

^ (1 O ip)ip*{Tli^i)/E{u)Tli Tli/E{u)Tli ® ip)ip*{mi^i) 0. 

We say a basis {Si, ei)i^z/gZ oi OJt over G/p^ is adapted if (5^ € (1 (8) <^)vJ*(9Jti_i) and the 
image of generates (8) (/9)9Hj_i over Ok/p^- Then under such an adapted basis, 

G GL2(6/p") such that 



there exists , 

d, 

(3.10.1) ip{5i-i,ei-i) = {5i,e, 



tti hi 
E{u)ci E{u)di 



3.11. Let G be a truncated Barsotti-Tate group of level 1 over Ok with RM by Zps, and 
Gi = G ®Ok ^k/p be its reduction modulo p. The Lie algebra of the Cartier dual of Gi, 
denoted by \Ae{G\), is a free [Ok/p ® Zp9)-module of rank 1. Let 

Ue{GX)= Lie(Gr). 

iGZ/gZ 

be the decomposition according to the action of Zps . The Frobenius homomorphism Fq-^ : 
(p) 

Gi G-[ induces a Frobenius linear endomorphism 

HW : Lie(G^) ^ Lie(G^) 

with HW : Lie(Gy)j_i C Lie(G^)i. We choose a basis 6i for each Lie(G^)j over Ok/p, 
and write HW((5i_i) = ti5i. Let Vp : Ok/p [0, 1] be the truncated p-adic valuation. We 
define the i-th partial Hodge height of G to be Wi{G) = Vp{ti) G [0, 1]. It's clear that the 
definition does not depend on the choice of the basis 5i. Note that G is ordinary if and 
only if Wi{G) = for aU i G Z/gZ. 

Lemma 3.12. Let G he as ahove, and 9J{ he its corresponding Breuil-Kisin module. We 
choose an adapted basis of 9Jt so that (p is represented hy matrices of the form (|3.10.ip . 
Then we have Wi{G) = - min{e, ^^(fli)}) where Hi is the image of ai in ©i = A;[[n]], and 
Vu denotes the u-adic valuation. 

Proof Let M = M{Tl) be the filtered 5-module associated with G. By |LalO| 8.1], there 
is a canonical isomorphism of (C'ii'/p)-modules Lie(Gy) ~ A^/Fil^A^. Combining with 
(j3.3.ip . we have an isomorphism 

Lie(G^) ~ (1 ® ip)ip*{m)/E{u)m, 
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where the second term is considered as an Ok /p-module via the isomorphism &i/E{u)&i ~ 
Ok/p given by n i— )• vr. Since everything is functorial in G, this is actuahy an isomor- 
phism of [Ok/p ® Zp9)-modules. Since the endomorphisms HW on lj\e{G\) and ip on 
(1 Lp)Lp* {^) / E{u)'^ are both induced by Frobenius homomorphism of Gi |Ki09b[ 1.1.2], 
one checks easily that HW and ip coincide with each other via the canonical isomorphism 
above. The Lemma follows immediately. □ 

Let G be a truncated Barsotti-Tate group of level 1 over Ok with RM by Zps. We 
say a finite flat closed subgroup scheme H C G is Zpg -cyclic or Fpa -cyclic, if H[K) is a 
one-dimensional Fps-subspace of G{K). 

Lemma 3.13. IfH,H' are two distinct Zpg-cyclic subgroups ofG, then for alii G Z/gZ, 
we have 

5^p^(deg,_,.(i7) + deg,_^iH')) < 



3=0 

Proof. The Lemma follows from 13.71 applied to the homomorphism H ^ G ^ G / H' . □ 

The following theorem is a slightly generalized version of | IGK091 Thm. 5.4.3]. The proof 
is motivated by jHalOi 3.4]. 

Theorem 3.14. Let G he a truncated Barsotti-Tate group of level 1 with RM by Zpg, and 
denote Wi = Wi{G). Assume that Wi +pwi-i < p for all i € Z/gZi. Then there exists a Zpg- 
cyclic subgroup C C G such that degj(C) = 1 — Wi; moreover, C is the unique Zpg-cyclic 
subgroup of G satisfying 

degj(C) -hpdegj_i(C) > 1 for any ieZ/gZ. 

Proof. Let = (B-i^z/gZ^i be the Breuil-Kisin module associated with G. We choose 
an adpated basis {6i,€i)i^z/gZ of ^ so that ip is represented by matrices ()3.10.ip . Note 
that Wi+i + pwi < p implies that Wi < 1; so by Lemma 13.121 we have Vu{ai) = ewi. By 
Lemma |3.9| we have to show that there exists a quotient ^ = ©jgz/gZ^i of OK such that 
degj(9T) = 1 — Wi and it is the unique quotient satisfying degj(DT) + pdegj_]^(9T) > 1 for 
i G Z/gZ. 

We prove first the existence of 9^1. We construct a direct summand £ = (Bi^z/gZ^i of 
such that £j is the submodule of 9Jtj generated by 



Vi = {Si,ei) 



1 

^e(l-«;,). 



where Zi G &i is some element to be determined. If we require that £ is an sub-oject of 
5Jt, there should exists a certain Ai G ©i such that (^(r/j_i) = Ai7]i. Using the equation 
(13.10.11) . we get 



(3.14.1) 



a^ + b.u^p{l-w^-l)zP_^ =Ai 
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Since Vu{ai) = ewi, there exists a unit en £ &i such that ajSj = u'^^\ Then we have 
Zi = 9iizi-i), where 

Qiiz) = 7 N . 

Note that 1 — Wi-i > and p — pwt-i — Wi > Q hy assumption. We get therefore 

Zi = 9iO Qi^i o ■■■ o gi^g+i{zi). 

By iteration, it's easy to see that the equation admits a unique solution in ©i for Zj. This 
weh defines the sub-oject £ C 9JT. From 

ewi = vuiai) < ep{l - Wi^i) < Vu{biu'^^^-'"^-''> z^^) 

by assumption, we deduce that degj(£) = ^Vu{Ai) = Wi. We can take ^ to be 07t/£. 

For the uniqueness of DT, we assume that is a quotient of 9Jt with deg^^i{^') + 
pdegj(9T') > 1 for i G Z/gZ. We have to show that = Since degj+i(ai') < 1, we 
have degiim') > 0, i.e. m'J{l (g) ip)ip* {m'i_^) 7^ 0. Let £' be the kernel of Tl ^ We 
have for each i € Z/gZ an exact sequence of Ox/p-modules 

^ £^(1 ® ip)^*{2[_,) ^ Mi/il v')v?*(9Jti_i) ^ V')v'*(5i:-i) ^ 0. 

Because (8) ~ ©i/u^ej, we see that is generated by the image of 

in 51 ■. Hence there exists Xj € 6f such that rj'^ = 5i + XiCi G We put = iiJ„(xj). As 
fiS^'i-i) C there exists A[ G (3i such that ip{rii^i) = A'-rji. We have 

VuiA'i) = edegi(£') = e(l - de&(OT')), 

where the second equality comes from the additivity of the degree function and the fact 
that degj(9Jt) = 1. Therefore, we get 

(3.14.2) VuiA'i) +pv^{A',_,) = eip+l- degiim') - pdeg^.^i^')) < ep. 
On the other hand, using p.lO.ip as above, we have equations 

(3.14.3) Ui + = A'i 

(3.14.4) u%Ci + d^xP^^) = x^Al 

We claim that ri > 1 — Wi for any i E Z/gZ. Admitting this claim for the moment, we 
can write Then the z-'s will satisfy the equations (j3.14.ip . But we have 

seen that (|3.14.ip admits a unique solution Zi for each i G ZjgZ. So we have z\ = Zj, 
and hence £ = It remains to prove the claim. We deduce first from (|3.14.4p that 
Vu{^d > e(l - ri). In view of (|3.14.2p . we get 

(3.14.5) ri+pri^i>l for aU i G Z/^^Z. 

li ri < 1 — Wi for some i G Z/gZ, we have Vu{Ai) > e(l — r^) > eWi. Because of (|3.14.3p . 
we have 

ewi = Vuiai) = Vu{bixl_^) > epri-i. 

So we have 1 — ri > Wi > prj_i, i.e. +prj_i < 1, which contradicts with (|3.14.5p . This 
completes the proof. 

□ 
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Remark 3.15. The subgroup C C G given by the theorem is called the canonical subgroup 
of G. By the same argument as in |GK09| Thm. 5.4.2], it's not hard to see that the 
subgroup C verifies the "Frobenius lifting property": If we denote w = maxjgz/gzjt/;,} < 1, 
then C^Ok {^k/p^^^Ok) coincides with the kernel of Frobenius of G^Qk k / P^"^ O k) 
where p^^^ denotes any element in Ok with p-adic valuation 1 — w. 

Let / be a subset of Z/g'Z, be its complementary, and |/| be the cardinality. We 
denote by (t{I) the image of / under the action of Frobenius a : 'L/g'L "Z/gZ given by 
i I— >■ z + 1. Let G be a truncated Barsotti-Tate group of level 1 with RM by Zps over Ok- 
We say that a Zps-cyclic subgroup if of G is special of type I if degj(i7) = 1 for i G I and 
degi{H) = for i G J'^. 

Proposition 3.16. Let the notation be as above. 

(a) Assume that G admits a special subgroup H of type I. 

(1) The group H is necessarily a truncated Barsotti-Tate group of level 1 of height g 
and dimension \I\ over Ok- Moreover, we have Wi{G) = 1 for i G o"(J) R I^, and 

wi{G) = forie {(7(1) ni) u {a{r)nr). 

(2) If H' be another Zpg -cyclic subgroup of G distinct from H, then we have 

degi(if') < ^—(1 ^) for all i G /. 

In particular, if I ^ 9, then G admits at most one special subgroup of type I. 

(3) // G admits another special subgroup H' of type I' with H' ^ H , then either I = 
I' = 0; or I' = I^ and the natural map H x H' ^ G is an isomorphism of finite 
flat group schemes over Ok- In the second case, if H" is a Zpa -cyclic subgroup of 
G distinct from H and H' , then we have 

deg,(F") < ^(1 - ^) for all i G Z/gZ. 

p — 1 p9 ^ 

(b) Conversely, assume that ct[I'^) C Wi{G) = 1 for i G o"(/) fl I'^, Wi{G) = for 
i G n /, and Wi{G) > for i G cr{I'^). Then G admits a special subgroup of type I. 

Proof, (a) First, by Raynaud's explicit classification (I3.6.ip . a group scheme H of Fpa- 
vector spaces of dimension 1 over Ok is a truncated Barsotti-Tate group of level 1 if and 
only if degi{H) G {0, 1} for all i G Z/gZ. Let Tl = ©jgz/gZ^J^j be the Breuil-Kisin module 
associated to G, and {6i, Ci) be an adapted basis of 9Jtj so that (1 ip)ip* (jMi-i) = &i6i © 
E{u)Giei. Let £ = ^i^z/gx^i be the Breuil-Kisin submodule of SOT attached to the quotient 
G/H, and ^ = be associated to H. By Lemma [3191 we have degj(9I) = deg^{H) = 1 

for i £ I, i.e. 

Since £j is a direct summand of DJti, there exists Xj G ©i such that £j = &i{6i -\- u^XiCi). 
Up to replacing 6i by 5i -\- u^XiCi, we may assume that £j = Gi6i for i £ I. Similarly, since 
degj(^) = degj(-fr) = for i e we see that 
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Up to modifying ej, we may assume that £j = Sie, if i € I'^. The following facts follow 
easily from the condition that C £j. 

• li i € I n cr{I), there exists Oj € ©i such that (p(5i-i) = ai5i. As degj(ii) = 
1 — degj(if) = 0, we have Oj € (3^. In particular, we have Wi{G) = by 13.121 

• If i € /'^ n 0"(I), there exists Cj G ©i such that (p{6i-i) = u'^CiCi. In particular, 
w^{G) = 1 by Em 

• If i € I*^ n cr{I'^), there exists € ©i such that (^(e.j_i) = u^diei. As (1 (g) 
(/?)(^*(9Jti_i) = ©i(5i + ii^(u)©iei, we see that if ip{5i-i) = Uidi + u^ciei, then Oj is 
a unit in ©i. In particular, Wi{G) = 0. 

This prove statement (1). 

For (2), it follows from Lemma 13.131 that 



P 



1 



for i I, 



whence statement (2). For (3), we note first (2) implies /' C I'^, or equivalently / C I'"^. 
We have to show that if I' ^ then I = 1' = %. Let i € F n /'^. If i - 1 were in / C 
then i € a{I)r\P and (1) would imply that Wi{G) = 1. But we have also i G a{I''^)r\I"^, so 
(1) applied to H' implies that Wi{G) = 0. This is a contradiction, hence i — 1 G I'^. In the 
same way, we have i — 1 G I''^. Repeating this argument, we see that li/glj = /"^ fl I''^, i.e. 
1 = 1' = ^. Note that the natural map f : H x H' ^ G is an isomorphism over the generic 
fibers. If /' = I^, then deg{H) + deg{H') = deg(G). Therefore, / is an isomorphism by 
[FalOl Cor. 3]. The second part of (3) follows directly from (2). 

a,; bi 



(b) We may assume if is given by the matrices (j3.10.ip such that 



'I 

Ci 



di 



is invertible 



for i G Zi/gZ. Under the assumption of statement (b). Lemma 13.121 implies that G ©f 
for i G cr{I) fl /, bi,Ci G ©^ if i G (cr(/) fl I^) U cr{I'^)- Up to modifying the basis vectors, 
we may assume 6i = (p{5i-i) if i G fl /, and 5, = (/?(ej_i) if i G (ct(/) H I'^) U cr(I'^). 
Then the matrices of ip can be simplified as 



-1, ' 



bi 



if i G a{I) n /; 

if i G n r) U a{r 



We write Oj = u'^a'^ if i G cr{I) I^. The existence of H is equivalent to the existence 
of a Breuil-Kisin submodule £ = ©jgz/gZ-^i of ^ such that degj(£) = if i G /, and 
degj(£) = 1 if i G I'^. By the discussion in (a), we may assume £j = {5i + u^Xiei)&i for 
i & I and £j = (e^ + Xi6i)<3i for i G I'^, where the Xj's are some elements in ©i to be 
determined later. 



If i G cr{I) n /, then (p{5i-i + u'^Xj_iej 
condition ip{£,i^i) C -Cj implies that 



l) = (1 + u^Px^_^bi)5i + u'P+^xP_^diei. The 



fPx^ ,di 



1 + ' 
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If i G (t(/) n J"^, then a similar computation shows that 
x, = Fi(x,_i) = -K(P-i)xti+a^). 
If i G '^{I'^) C /, we have 



P 



1 + aiX\_^ 

By iteration, we have xi = Fi o Fi^i o ■ ■ ■ o i<'j_g_^i(xj) for all i G Zi/gZ. Since all the 
functions Fi are contracting for the u-adic topology on Si, there exists a unique solution 
for every Xj. This proves the existence of £, whence the special subgroup H of type I. 

□ 

Remark 3.17. Note that the condition in l3.16r b) is stronger than the converse of l3.16f a)(l): 
we made the extra assumption that cr(F) C /. I don't know whether statement 13.16( b) 
still holds without this assumption. 

An interesting special case of the Proposition is the following 

Corollary 3.18. Assume g is even. Let G be a truncated Barsotti-Tate group of level 1 
with RM by Zpg over Ox with Wi{G) > for i £ Z/gZ. Put C Z/gZ be the subset 
consisting of elements i = mod 2, and /_ — Then G admits a unique special 

subgroup (resp. H^) of type (resp. /_) if and only if Wi{G) = 1 for all i £ (resp. 
for all i G /+ ) . In particular, G admits both special subgroups and of type 1+ and 
/_ if and only if Wi{G) = 1 for all i G Z/gZ. 

Remark 3.19. In appendix B, we will give a family version of Cor. l3.18l over the deforma- 
tion space of a superspecial p-divisible group with RM by Zps (cf . Prop. [R8] and Remark 

EH). 

Now we focus on the case g = 2, and we identify Z/2Z ~ {1, 2}. The following Propo- 
sition refines the preceding corollary in the case g = 2. 

Proposition 3.20. Let G be truncated Barsotti-Tate group of level 1 over Ok with RM 
by Zp2. Assume that wi = wi{G) and W2 = W2{G) both > 0. Let i G Z/2Z. 

(a) We have Wi = 1 if and only if there exists a unique special subgroup H C G of type 
{i + 1}, i.e. we have degj(ff) = and degj_,_i(if) = 1. 

(b) Ifwi = 1 and < Wi+i < 1, then there exists a unique Zp2-cyclic subgroup H' C G 
disjoint from the H in (a) such that deg^{H') = l—p{l — Wi^i) and deg^^i{H') = 1 — Wi+i. 

Proof. We may assume that i = 1 to simplify the notation. Statement (a) is a special 
case of the preceding corollary, li wi = W2 = 1, then (b) follows also from the preceding 
proposition. In the sequels, we assume that wi = 1 and < W2 < 1- Let DJt = 9Jti ©9Jt2 
be the Breuil-Kisin module attached to G. Let ej)j=i,2 be an adapted basis of DJl so 
that (1 (9Hj_i) is free over ©i generated by 5j and u^ej. Let £ C 9Jl be the Breuil- 
Kisin module corresponding to the quotient G/H given in (a). By Lemma |3.9| we have 
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degx(£) = 1 — degx(i^) = 1 and deg2(£) = 0. As in the proof of the preceding proposition, 
we may assume £i = ©lei and £2 = 6 2 '52- Then we have 



ip{6i,ei) = (62, £2) 



02 1 

U'^C2 



V{h,e2) = (5i,ei) 



1 

u^ci 



with Vu{a2) = ew2 and ci, C2 € . To prove the existence of H' , it suffices to construct a 
Breuil-Kisin submodule ^ = ^i©^2 of 9Jl such that degi(^) = — 1^2) and deg2(^) = W2- 
We assume that ^1 and ^2 are respectively generated over ©i by 

^, = 61+ ^z^^i-P^i-^-^^yiei and ^2 = 62 + u<^-'"^\2e2, 

and we will prove that there exist 2/1,2/2 £ ©1 such that A becomes the required Breuil-Kisin 
submodule of SOT. We have 




[a2 + u 



ep{l-p{l-W2))„.P 



y\)52 + ^^0262, 



In order for ip{ii) G .^2 and (/3(i^2) £ -^ii we should have 
(3.20.1) (02 + n 



(3.20.2) 



Cl. 



As fu(a2) = ew2, there exists 62 G ©^ such that 02 
(13.20.11) that 



02 • It follows from the equality 



(3.20.3) 2/2 
In view of ()3.20.2p , we get 



C2 



a2 + U P+^'y'^ 



^(a^ + n'^P^^'-'^^'^-i^Dyf ). 

^2 



Since u;2 > by assumption, it's easy to see that the above equation admits a unique 

solution for yi G ©f , and so 2/2 G ©f is uniquely determined by (I3.20.3p . With these 
solutions for 2/1 and 2/2, we see that 




u 



- (02 + u 



e(p2-l)(^2_^) „ 



P+l'yP)^2 



ep{l-W2)„.P 



y'2^1- 



Therefore, we have deg]^(.^) = p{l — W2) and deg2(.^) = ^2- 

For the uniqueness of H', we assume that H' is a Zp2 -cyclic subgroup scheme of G with 
degj^(i7') = 1 — p(l — W2) and deg2(-f^') = 1 — W2- Let ^ = 9JT/.^ be the quotient module 
of dJl corresponding to H' . By the definition of degree, we have 

deg(5i/(l0</')(^*(52)) = deg(OTi/(.^i + (l®99)(/.*(9Jt2))) = 1 - p(l - w;2) > 0. 

Since 9Jti/(l (8) vj)v9*(S[R2) is generated by the image of ei and 5i is free of rank 1 over ©1, 
we see by Nakayama that .^i = ©lei, where ei denotes the image of ei in 3i- In the same 
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way, we see that ^2 = ^1^2- Consider the image 61 of 5i in 2i- As 61 € (/7*(9Jt2), so we 
have 

i.e. there exists yi G &i such that ^1 = 61 + u'^^^~p^^~'^^^^ ijiei € .^1. In the same way, there 
exists y2 € 62 such that ^2 = S2 + u^^^~'^'^^ §2 € ^2- Then it fohows that ^1 and ^2 generate 
respectively .^i and K2 , and yi , y2 satisfy the same equations as yi and 2/2 ; hence we must 
have yi = yi and y2 = y2 as these equations admit a unique solution. This implies ^ = ^ 
and hence H' = H' . 

□ 

Proposition 3.21. Let G he a truncated Barsotti-Tate group of level 1 over Ok with RM 
by Zp2. Assume that wi = wi{G) > and W2 = W2{G) = 0. 

(a) If there exists a Zp2-cyclic closed subgroup scheme H C G with degi{H) = and 
deg2(-ff) > ^, then we have wi = 1. 

(b) Conversely, if wi = 1, then any Zp2-cyclic subgroup H <Z G has <legi{H) = and 
1/p < deg2(-ff) < 1. More precisely, we have the following two possibilities: 

(1) There is exactly one such subgroup H with < deg2(i?) < 1, and all the other 

p^ cyclic subgroups H' <Z G satisfy ^ < deg2(i^') < pq:^ O'nd 

deg2(F') = ^(l+p-deg2(/7)). 



p^ 

(2) All the {p^ + 1) Zip2 -cyclic subgroups H C G has deg2{H) 



p+i 



Proof. The proof is similar to the preceding Lemma. Note that tt^i > implies that G has 
no multiplicatitve part. Up to replacing by a finite extension, we may assume that p 
divides e and all the Zp2 -cyclic closed subgroup schemes of G are defined over Ok- Let 
DJt = 9Ki © 9K2 be the Breuil-Kisin module of G. Choose an adapted basis {6i, Ci) of 9Jtj, 
we have 



ip{6i,ei) = (62, €2) 



02 

U''C2 



62 

u'^d2 



^^{^2,(^2) = (5i,ei) 



ai 



bi 



We have ^^(02) = ew2 = and Vu{ai) > by assumption, hence 61, ci € 
replacing 82 by (/^(^i) and 61 by (/5(e2), we may assume 



Up to 



= (<52,e2) 



62 

U^d2 



^[^2,(^2) = (5i,ei) 



ai 



with ^2, ci € . Let i7 C G be a Zp2 -cyclic subgroup. Let = © 9T2 be the quotient 
of 9Jt corresponding to H, and £ = £1 © £2 be the kernel corresponding to G/H. 

(a) First, we suppose that degi{H) = and deg2(-ff) > -• According to Lemma 13.121 
we have to prove that Vu{cli) > e. We have degi(9T) = (iegi{H) = and deg2(9I) = 
deg2(-ff) > 1/p bv 13.91 In particular, the ©i-module 



0X2/(1 ® = 9?t2/((l ® 95)¥^*(27ti) + -22) 
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is non-zero. As 50^2/(1 ® = (Si/tt'^<3i)€2) we see by Nakayama that the image 

of €2 generates There exists thus 1/2 &i such that rj2 = 62 + 1/2^2 is a basis of £2 
over Si. An easy computation shows that Vy_(y2) = edeg2(9T) > e/p. Similarly, from 
degi(OT) = 0, we deduce that the image of ^{62) = 5i generates OTi. Therefore, there is 
yi G ©1 such that ?/i = ei + yi5i forms a basis of £1. We have 



(3.21.1) 




iVi + b2)52 + u''d2e2, 
(ai + y^)6i + u^ciei. 



Since 99(7/2) S £1 = ©i^/i, we see that 

(3.21.2) ai+pP = yiu^ci. 

Since Vu{y2) > e/p, we have Vu{ai) > e. 

(b) Now we suppose wi{G) = 1. Bv 13.121 we can write oi = u^a'^ with a'^ € ©i. We 

claim first that £1 contains no element of the form 5i + xiei with xi € u©i. Indeed, if 
this were not the case, we would have 

^'^{5i + xiei) = u^[{l + xf 6^)a; + u^^-^'^ dl]5i + u^{l + xf 6^)ciei G £1. 

Since £1 is free of rank 1 over ©1, we should have 

(1 + xf 6^)ci = xi[(l + xf 6^)a'i + u<P-^'^dl]. 

This is impossible, since the left hand side is a unit in ©1 but xi G uGi. This proves the 
claim. 

To prove degi{H) = 0, we suppose conversely that degi{H) > 0. Then 
aii/(l ® 95)(/P*(0T2) = 97ti/((l «) 95)'/^*(5Jt2) + £1) / 0. 

Since 5Jti/99*(9Jt2) is generated by the image of ei, we see that the image of ei is a basis of 
^1. As 5i = ip{e2) G 99*(9Jt2), we see that there exists xi G ©1 such that r]i = 5i+ xiei G 
£1. But rji must be a basis of £1, since £1 is a direct summand of £1. It follows from 
degi(9T) = (legi{H) > that Vu{xi) > 0. By the claim above, this is absurd. 

Next we show that deg2{H) > 0. Otherwise, we would have deg2(9T) = deg2(-ff) = 0, 
i.e. 

012/(1 «) V')V'*(^i) = 5Jl2/((l </')</'* (5Jli) + £2) = 0. 

Since (1 ^ (p)ip*{dyti) = &162 &iE{u)e2, we see easily that £2 contains an element of the 
form €2 + X2S2 with X2 G ©1. Then we have 

P e 

ip{e2 + X2S2) = (1 + u^xla[){6i + , ^ ^ p , ei) G £1. 

This contradicts with the claim mentioned above. 

In summary, we have proved that degi{H) = degi(9T) = and deg2(-ff) = deg2(^) > 0. 
The same arguments as in part (a) show that there exist yi,y2 G ©1 such that rji = ei+yi^i 
and r]2 = (^2+2/262 form a basis of £1 and £2. Thus the same equations (|3.21.ip and (j3.21.2p 
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are satisfied. It follows that Vu{y2) ^ ^ iiiiii{^^n(ffli); e} = ^, hence deg2(-?^) > l/p- Recall 
that we have assumed p\e. Let's write y2 = u'^l'^z^- We get from (j3.21.2p that 

^1 

On the other hand, we deduce from (|3.21.ip and ip{rji) E £2 that 2/2(2/1 + ^2) = u^d2. 
Substituting 2/1 and 2/2, we get finally 

zf^^ + (62c? + (a'lf )Z2 = ^^u^^-v^d2. 

It's clear that the + 1 roots of Z2 correspond to the {p^ + 1) Zp2-cyclic closed subgroup 
schemes of G, and by our hypothesis on all the roots of Z2 are in Si. If is the closed 
subgroup corresponding to a root Z2, then we have 

deg2(i^) = deg2(ai) = l-deg2(£) 

= min{l, -Vu{y2)} = min{l, - + -Vu{z2)}- 
e p e 

We put a = Vn(^2Ci + {0''iY)/e and recall that Ci,d2 G S^. By considering the Newton 
polygon of the equation of Z2 , we deduce that 

• if a < ^p^^i^ ) there is exactly one root Z2 with Vu{z2) = e(l — | — a) and all the 
other roots of Z2 with fu(z2) = ^ct; 

• if a > ^i^, all the + 1 roots of Z2 satisfy Vu{z2) = e^^^^^j. 

Now the proposition follows easily from the correspondence between the Zp2 -cyclic sub- 
groups of G and the roots of Z2- D 

4. Goren-Kassaei's Stratification and Canonical Subgroups 
We retake the notation in ll.61 

4.1. We recall briefly the Dieudonne theory for HBAV. Let i? be a AC-algebra, ^4 be a 
HBAV over R equipped with a prime-to-p polarization. In |BBM82[ Ch. 3], the authors 
defined the (contravariant) Dieudonne crystal associated with the finite and locally free 
group scheme A[p] over R. We denote by D(^[p]) the evaluation of this crystal on the trivial 
divided power immersion Spec(-R) ^ Spec(i?). This is a locally free {R (8) Op)-module of 
rank 2 equipped with two natural morphisms of {R (8> Oir)-modules 

F : D(A[p])(P) ^ n{A[p]) and V : 0{A[p]) B{A[p])^P\ 

called respectively the Frobenius and the Verschiebung, where (_)^^'' denotes the base 

change by the absolute Frobenius endomorhism : a on R. We have a decomposi- 
tion 

/3eB 
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where each D(^[p])^ is a locahy free i2-module of rank 2 and Op acts on it via xp- For 
each /3 € B, we have an exact sequence of i?- modules 

• • • ^ D(^[p])(f) B{A[p]U^ m{p])f — • • • ■ 

Let w^/ij be the modules of invariant differentials of A relative to R, and Lie(74) be the 
Lie algebra of A. They are both locally free (R C'_p)-modules of rank 1, and we have 
similar decompositions: 

WA/i? = WA/ij,;9 and Lie(^) = 0Lie(^)/3. 

/3GB /3gB 

For each /3 G B, we have the /3-component of the Hodge filtration 
(4.L1) ^ UJA/R,(3 ^ ro(^b])/3 ^ Lie(^);3 ^ 0. 

Here, the quotient is canonically Lie(j4^)^, but we have identified Lie(A)^ with Lie(A^)^ 
using the polarization on A. Since the Frobenius induces the zero map on differential 
forms, we have a commutative diagram 

(4.L2) I]){A[p])%. ^ mip])^ 




UeiA)f> ^-^Ue{A)^, 



where HW/j is the /3-component of the usual Hasse-Witt map. Note that is injective, 
since it is the case if i? is a perfect field and the diagram commutes with any base change. 
The morphism HW/j is just the dual map of the partial Hasse invariant /i/3 defined in 
(j2.10.ip . This fact will be used later to compute partial Hasse invariants. 

4.2. We recall Goren-Oort's stratification of X^, defined in |GO00| . Let ^ be a HBAV 
over a field containing k. We put 

t{A) = {/3 G B I h^{A) = 0}, 

where hi^^A) is the partial Hasse invariant of A (|2.10.ip . For any subset r C B, let Zr be 
the closed subsubset of where /i^ vanishes for any /3 G r, i.e., we have 

Zr = {X £ X^ \ T C t{A^)}, 

where A^ is the fiber of the universal HBAV at x. It's clear that Zr' ^ Zr for any subsets 
t' D t. We put 

Wr = Zr\ \J Zr' = {x G X« | t(^,) = t}. 
t'Dt 

Goren and Oort showed that {WtItCB form a stratification of X, and each stratum Wr is 
smooth and equidimensional of dimension g — |r|, where |t| denotes the cardinality of r. 
We note that = X°^'^, and Wb is the set of superspecial points of X^, i.e., the points 
where the p-divisible group of the corresponding HBAV is isomorphic to a product of g 
copies of the p-divisible group of a supersingular elliptic curves. 
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4.3. Goren and Kassaei defined a similar stratification on in |GK09| . If S* is a subset 
of B, we denote by a~^{S) the subset of B formed by o f3 for /3 S 5, by cr{S) the subset 
formed by a o /3 for /3 £ S, and by S"^ the complement M\S. We say a pair {ip, rf) of subsets 
of B is admissible if r/ D a~^{ip'^) or equivalently if D cr{r]'^). For an admissible pair (v?, 
we have decompositions 

r, = a-\ip')l[l and ip = a{v')l[a{I) 

with I = r] n a^^{ip). 

Admissible pairs of subsets of B arise naturally from the points of Y^- Let khe a. perfect 
field containing k, {A,H) be a A;-point oi Y,^, f : A ^ B = A/H be the natural isogeny, 
and 

be the morphism induced on contravariant Dieudonne modules. For a k vector space M, 
we identify M with M^^^ = M (Sia k hy x i— > x (8> 1; so we regard the Frobenius F on 
the Dieudonne modules as u-linear maps, and the Verschiebung as (T~^-linear. We have a 
commutative diagram of exact sequences 

■ ■ • ^ B{B[p]U^ B{B[p])p B{B\p]Uf, ■ ■ ■ 



I»(/)ao/3 

V 



• . . ^ n{A[p\Up B{A\p])f, B{A\p]) 

Since H = Ker(/) is a (C'i;'/p)-cyclic subgroup scheme, Im(B(/)^) C B(A[p])^ is a one- 
dimensional vector space over k. Note that there are two special /c-lines in B(A[p])^, namely 
(KerF)^ = (lmV)i3 and (Imi^)^ = (KerF)^, where (_)/? means the /3-component. We 
put 

ip{A,H) = {/3 G B I Im(D(/))^ = (Kery);3 = {l^F)^} 
ri{A,H) = {/3 G B I Im(D(/));3 = (KerF);, = (ImF);?}. 

The pair {ip{A, H),7]{A, H)) is then admissible |(^K09I 2.3.3]. If we denote hy f : B ^ A 
the unique isogeny with / o /* = p • 1b and f^of=p- 1A) then we have |GK09l 2.3.2] 

(4.3.1) ^{A, = {/3 G B I Lie(/),-i„^ = 0}, 
7?(A^) = {/3eB| Lie(/% = 0}, 

I{A, H) = ^^{A, H) n a'\p{A, H)) = {peM\ Ue{f)p = Ue{f)p = 0}. 

We call the elements of I{A,H) the critical indexes. If x = {Ax,Hx) is an arbitrary point 
of Y^, we define respectively (p{x) and r/(x) as '^{Ax tX" k,Hx ® k) where A; is a perfect 
extension of the residue field k,{x). It's easy to see that the definition is independent of the 
choice of k. 

For an admissible pair we put 

Z^,r) = {x G I ip{x) 5 V3,?7(x) 5 r/}. 
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The subset Z^^^ is closed in |GK09[ 2.5.1]. Let ((/?', rj') and (ip, rj) be two admissible pairs. 
We write {ip',rj') 5 if V'' — 9^ v' — V- We have Z^i^f^i C Z<^^^ if [(p' ,rj') ^ {'■P-,Tj). 

We put 

Goren and Kasseai show that |GK09l 2.5.2]: 

• each W^^r] is non-empty and its Zariski closure is Ztp^^^; 

• the collection with {if^rj) admissible forms a stratification of Y^j 

• each stratum W^^^ is smooth and equi-dimensional of dimension 2g — \ip\ — |r/|. 
Note that there are 3^ strata in this stratification of Y^- The relation between the strati- 
fications on and recalled above are given as follows. For an admissible pair {ip,'r]), 
we have [GK09l 2.6.16] 

^iW^,v) = U 

{ipnri)CT 
TCl('p\ri)U(r!\,fi)]'= 

in particular, for any point x = {A, H) G Wip^jji we have ((prirj) C t{A) C [{^Xv) U {ri\(p)Y. 

4.4. Local coordinates. Let P be a closed point of X^, Ox,p be the local ring of X at P 

with the maximal ideal mp, and w^,p be the pull-back of to Spec(C'x,p/p)- We choose 

(p) 

a basis of p for each /3 G B. Then the partial Hasse invariant hjj : p — ?> i^^-i^^ p, 
(p) 

where ur^li^^ p denotes the base change by the absolute Frobenius, is given by 

for some tjs G Ox^,p/p- Note that tp G mp if and only if /3 G t(P), where mp denotes the 
maximal ideal of Oy,p/p- By Kodaira-Spencer isomorphism, the elements {^^3 : (3 G t{P)} 
form part of a system of regular parameters of the regular local ring Ox^^pjv- Let tp G 
dx,p be a lift of tp. Then if 2; G Wb, we have Ox„,p VF(«;(P))[[{t/3 : /? € B}]]. 

Let Q be a closed point of Y^, C'y^g be the completion of the local ring of y at Q with 
the maximal ideal mg. We denote by (^Aq^I-Iq) the base change of the universal object 
on Y to Spec(Oy^Q), and by / : Aq Bq = Aq/Hq the canonical quotient, and by 
/* : Bq — )• Aq the unique isogeny with /* o / = p • Iaq and / o /* = p-l^^. Let w^^^/? and 
^Bq,I3 be respectively the /3-components of the invariants differentials of Aq and Bq. They 
are both free Oy^g-modules of rank 1; we choose generators ep G p and ep G p. 
For each /3 G B, there are elements xp,yp G Oy,q such that 
(4.4.1) f*{ep) = xpep and f*{ep) = ypep. 

We have x^y^ = p because of /* o /** = p, and Xp,yp G mg if and only if /3 is critical, 
i.e. /3 G I{Q) = (J~^{ip{Q)) n rj{Q). Actually, Stamm [St97] showed that we have an 
isomorphism 
(4.4.2) 

Oy^q ^ W[K{Q))[[{xp,yp : /3 G /(Q)}, {z^ : 7 g B - /(Q)}]]/({x;3y^ - p : /3 G I{Q)}). 
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The following proposition, proved in |GK09[ 2.8.1] and referred as "Key Lemma" there, 
will play an important role in the proof of our main results. We give here another proof 
using Dieudonne theory. 

Proposition 4.5 (Goren-Kassaei). Let Q be a closed point ofY, P = 'k{Q), /3 € ^{Q) H 
r]{Q) C t(P), and vr* : Ox,p — > Oy,q he the natural induced morphism. 

(a) If a o 13 ^ f{Q) o-nd a^^ o /? G we have 

7r*(t/3) = + vyl_-,^^ mod p, 

where u,v are some units in Oy,q- 

(b) If a o 13 S ^{Q) and o /3 ^ viQ)} '^^ have 

'^*i't(3) = uxis mod p 

for some unit u € Oy,q- 

(c) If a o p ^ ^{Q) and o /3 £ rjiQ), we have 

'^*itl3) = vyl-io,3 ^odp 

for some unit v £ Oy^q . 

(d) If a o (3 ^ ^(Q) and a^^ o /3 ^ viQ)} we have n*{tis) = mod p. 

Proof. It suffices to prove the corresponding equalities in ii = Oy^q/p = Oy^^q. By abuse 
of notation, we still denote by t^, X/j and their image in R. Let {A,T-L) be the universal 
HBAV over Spec(-R), f : A ^ B = A/T-L and f^:B^Ahe the canonical isogenics, 
(^O)^o)) /o • Bq and /q : So — Aq be the corresponding fibers at the closed point. 

We have the Dieudonne modules B(^[p]) = e^gBlD'(^[p])7 and 0(B[p]) = ®^(zmB(B[p])^, 
and a commutative diagram of exact sequences 
(4.5.1) 



KB[p]).-^o-y ^ 0{A[p]),-^,^ ^ 0{B\p])a-^c 



F 



F 



F 



m[p\y< — — - hap]), — — — - m[p]), — - • • • 

for each 7 GB. Let {e^, d-^} and {e^, 5-^} be respectively a basis of ID)(^[p])^ and D(S[p])^ 
such that the cotangent modules t^J^/^ and oj-^j^ are generated respectively by and e^. 
So we have F{e^) = and F[e^) = 0. By (|4.4.ip . we may assume 

(4.5.2) D(/*)(e^) = • and D(/)(e^) = • e^. 

For an element z in B(^[p]) (or B(;B[p])), we denote by zq its image in ©(^olp]) (or 
D(Sob])). If 7 e r?(Q), then we have 



KerD(/^)^ = Imro(/o)-y = (ImF)^ = K{Q)e. 



7,0- 



(4.5.4) 
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Up to modifying 5^, we may assume B(/o)((5-),,o) = e-y,o and even D(/)((5^) = + U^/d^ for 
some G m/?. If 7 G a~^{ip{Q)), it follows from (OH) that 

KerB(/o)^ = ImD(/*)^ = (ImF)^ = K(Q)e^,o. 

Hence, we may assume D(/Q)((i^^o) = €7,0 and therefore D(/*)((i^) = + for some 
€ mR. If 7 G I{Q) = r]{Q)na~'^{(p{Q)), i.e., 7 is critical, we deduce from ID)(/)oD(/*) = 
that 

D(/)(e^) = -K,B(/)(,^^) = -y^(e^ + U^d^) 
D(/*)(e^) = -C/^D(/*)((i^) = -U^{e^ + F^J^). 
In view of (j4.5.2p . we have = —x^ and = —y-y- In summary, if 7 is critical, we have 
(4.5.3) ID'(/)(^7) = - and ^]){f){d^) = - y^6^. 

Let /3 G B be in the statement of the proposition. Assume that 

\F{d^-io(3) = -uep + tpdp 

for some u,v,tii,sp in R. By the remark below (|4.1.2p . tp^sp compute the partial Hasse 
invariants of A and B respectively. Note that tp G xnn since j3 G ^{Q) H r]{Q) C t{Q) 
by assumption. Hence u has to be a unit in R, because (ImF)^ is a direct summand of 
B(^[p])^. Similarly, at least one of v and sp is invertible in R. We distinguish the four 
cases in the statement: 

Case (a). In this case, both /3 and o/3 are critical, hence the formula (j4.5.3p applies 
to 7 = /3, o f3. It results from (|4.5.4p that 

(B{f){F{d,-i,p)) = {-ux[s + tp)ep - tpyp5p 
[D(/)(F(5^-io^)) = {-vyp + si3)ep - spxpdp. 

On the other hand, it follows from the commutative diagram (14.5. ID that 

('B(/*)(F(d,-i„^)) = F(B(/*)(d,_i„^)) = -yl_,^^{-vep + sp5p) 
\B(/)(F(5,-i„^)) = F{nf){K~^op)) = -xl_,^p{-uep + tpdp). 
Comparing the coefficients of and e^, we get 

itp =uxp + vyl_,^^ 
\sp =vyp + uxl_,^i^. 

We see that G rriR, and it follows that t> is a unit in R as remarked above. This completes 
the proof in case (a). 

Case (b). In this case, j3 is critical. The fact o""^ ° /3 ^ v{Q) implies that 

ImB(/o)<^-io/3 / (Iml/)^-io/3 = «^(<3)ea-io/3- 

Therefore, up to modifying dfj-i^p, we may assume d^-i^/^ G ImD(/) = KerB(/*). Since 
F commutes with Bf f*), we have 



(4.5.5) 



= F(B(/*)(d,-i„^)) = D(F(d,-i„^)) = B{f){-uep + t^d^). 
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Now the equahty = uxp follows from (I4.5.3P applied to 7 = 

Case (c). In this case, o (3 is critical. The assumption a o (3 ^ v{Q) implies that 

It follows that D(/o)(e/3_o) = Up&lifl 7^ 0, i.e. y^j is invertible and X/3 = py^^ = in 
R. Therefore, KerB(/*)^ = ImD(/)^ = Rep. Up to modifying (5^, we may assume 
'^U^){dl3) = S(3- As in case (a), it follows from (|4.5.4p that 

D(/*)(F(d^-io/3)) = n{f){-uep + tpdp) = tp5p 

Using the fact that F commutes with ©(Z) and and that cr~^ is critical, we get the 

same formula (j4.5.5p as in case (a). Comparing the coefficients, we obtain 

v = -uy^^xl_^^^ and t/3 = 

To complete the proof in case (c), we note that v G m/j, hence is invertible in R. 

Case (d). The same argument as in case (b) shows that = ux^ (we didn't use the 
fact that /3 is critical to get this). Now the same argument as in case (c) shows that = 0. 

□ 

4.6. We recall the valuations on the rigid spaces ^rig 3^nd 2}i-ig defined by Goren-Kassaei 
|GK09| 4.2]. Let Cp be the completion of an algebraic closure of Q^, and Vp be the 
valuation on Cp normalized by Vp{p) = 1. We define 

v{x) = min{wp(x), 1}. 

Let X be a finite extension of Q^, Ok be its ring of integers, and P be a ii'-valued rigid 
point of Xrig, i.e. P corresponds to a polarized HBAV A with ri(A^)-level structure over 
Ok- For any /3 G B, let t/j be a local lift of the /3-partial Hasse invariant around P. We 
define the P-th partial Hodge height of P (or of A) to be 

(4.6.1) wp(P) = wp{A) = u{tp{P)). 

It's easy to see that the definition does not depend on the lift t^. We have ri;^(P) > 
if and only if /3 € t{P), where P S is the specialization of P. Therefore P S ^°f^ if 
and only if wp{P) = for all /3 G B. Let p be a prime ideal oi Op dividing p, and Op^ 
be the completion of 0_p of its localization at p. Note that Bp C B is identified with the 
set of embeddings of Op^ into Ok- Then the finite fiat group scheme A[^] is a truncated 
Barsotti-Tate group of level 1 with RM by Op^ in the sense of 13.10^ and the /3-th partial 
Hodge height of A coincides with that of ^[p] defined in 13.111 

4.7. Partial degrees. Let K be as above, G be a finite fiat group scheme over Ok 
equipped with an action oiOp^ and (xJq be the invariant differential module of G. Similarly 
as l3.6| we define, for each /3 £ B, the ^-degree of G to be 

deg/3(G) = deg(a;G,/3), 



38 



YICHAO TIAN 



where wg,^ is the direct summand of log on which Op acts via X/B- The "total" degree of 
G defined in |FalO| is thus 

deg(G) = ^deg^(G). 



Let Q = {A,H) be a i^-valued rigid point of ^rig- We put i^<g{Q) = (i^/3(Q))/3eB with 
(4.7.1) i^0{Q) = deg^{H). 

This definition is shghtly different from that in |GK09| 4.2], and their relationship is given 
by the following 

Proposition 4.8. Let Q = {A,H) G 2)rig be a rigid point defined over a finite extension 
L/Qk, and Q be its specialization. Then our definition of vi3{Q) is 1 minus that of 

Goren-Kassaei, i.e., we have 

'o tf(3ev(Q)\i(Q), 
1 ifPiviQ). 

where is the local parameter around Q introduced in (|4.4.ip . 

Proof. Let f : A ^ B = A/H he the canonical isogeny, and /* : i? — > ^ be the isogeny 
with kernel A[p]/H. We have exact sequences of invariant differential modules: 

/' /** 
^ LOB > ^^A > ^0, ^ COA > > '^A\p]/H ^ 0. 

So by the definitions of xp^yp^ we have 

degp{A[p\/H) = deg{ujB,i3/f^*uJA,p) = Vpixp{Q)), 
deg^l-??) = deg{ujA,f5/f*(^B,/3) = Vp{yp{Q)). 

Thus the case where /3 G I{Q) follows immediately. If /3 € r]{Q)\I{Q), we have Lie(/Q)/3 7^ 
0, where /g denotes the special fiber of /. It follows that : lob^/s — > ^A,i3 is surjective, 
hence z^/3(Q) = deg^(i/) = 0. If /? ^ viQ), then we have f3 G V^iQ) C (T^^((/?(Q)), i.e., 
Lie(/^)^ ^ by (j4.3.ip . This means /|* : loa,i3 ^B,(3 is surjective, hence we have 
deg,3{A[p]/H) = and 

u^iQ) = degp{H) = deg^(ylb]) - deg{A[p]/H) = 1. 

□ 

It follows from this Proposition that Q £ if and only if 1^13 {Q) = 1 for aU /3 € B. 

Recall that for every prime ideal p of Op above p, Bp is the subset of B = HomQ(i<', Q^) 
which induces the valuation on F corresponding to p. Following |GK091 5.3], we define an 
admissible open subset of X^g or of 2) rig by 

U^ = {Pe Xrig I wpiP)+pw,^iop{P) < p,V/3 € Bp}, 

(4.8.1) Vp = {Q G 2)rig I MQ) +P^.-^of}{Q) > l,V/3 G Bp}, 

(4.8.2) Wp = {Q G 2)rig I MQ) +P^.-^of}{Q) < l,V/3 G Bp}. 
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Theorem 4.9 (Goren-Kassaei). (a) For every prime ideal p of Op above p, we have 
7r-i(^/p) = VpUWp. 

(b) Let L be a finite extension of Q^, and P € Up{L) be rigid point corresponding to a 
HBAV A over Ol- For every rigid point Q = {A,H) o/Vp above P, the p-component H[p] 
of H is the canonical subgroup of A[p] given by Theorem \3.14\ 

This theorem is essentially [loc. cit. 7.1.3], and statement (b) is also a direct consequence 
of Theorem 13. 141 Let Q = (A, H) be a rigid point of 2)rig, and H[p] be the subgroup killed 
by p C Op, so that H = Y[p^pH[p]. Following [loc. cit. 5.4.1], we say H (or Q) is 

• canonical p if Q G Vp ; 

• anti- canonical ai p if Q € Wp; 

• canonical if it is canonical at all primes p above p; 

• anti- canonical if it is anti-canonical at p at all primes p above p; 

• too singular at p is it is neither canonical nor anti-canonical at p. 
We put 

P\P P\P 

(4.9.1) w= u [fi^p^riH] 

<l>9^sc{p\p} pes p<^s 

Then Zican and Vcan are respectively strict neighborhoods of and 2)°[^. The following 
theorem is a consequence of Theorem 14.91 

Theorem 4.10. |GK091 5.3.1, 5.3.7] With the notation above, we have vr^-'^(^can) = VcanU 
yV, and the restriction tt\v^^^ : Vcan ^can is an isomorphism, i.e., there exists a section 
: Ucan — >• Vcan extending the section s° : — )• 2)°[^ defined in \2.11\ 

We call Vcan (resp. lAam) the canonical locus of 2)rig (resp. Xng). The following Proposi- 
tion describes the dynamics of Hecke correspondence over the canonical and anti-canonical 
locus. 

Proposition 4.11 (Goren-Kassaei). Letp be a prime ideal of Op dividing p. Up be the set 

theoretic Hecke correspondence (|2.14.ip on '^rig, CLnd Q = (A, H) € 2)rig be a rigid point. 

(a) Assume that Q is canonical at p. Then for every {Op /p)-cyclic subgroup H' o/yl[p] 
distinct from H[p\, we have 

degp{H') = i(l - ly^o^iQ)) for (3 G Bp; 

or equivalently all Qi £ Up{Q) are canonical at p, and we have i^/3(Qi) = -|- ^I'aopiQ) 
for^eMp. 

(b) Assume Q is anti- canonical at p. Let C C A[p\ be its canonical subgroup. For any 
{Op /p)-cyclic subgroup H' C A[p] distinct from H[p], we have 
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for all /3 G Bp. Equivalently, if Qi = {A/H', {H + H')/H') G Up{Q), we have 

^[py.-^op{Q) ifH' = C; 
\l-vp{Q) ifH'^C. 

In particular, if H' ^ C, Qi is canonical at p. 

This is essentially contained in |GK09[ 5.4.3]. For the convenience of the reader, we 
reproduce its proof here. 

Proof. The equivalence between the statement on H' and that on Qi G Up{Q) follows from 
the fact that 

up{Q^) = degf,{A[p]/H') = 1 - deg^(F'), 

since deg^(74[p]) = 1 for ah ^ G Bp. 

(a) Since Q is canonical at p, we have 1 — ^^{Q) < pi^a-^opiQ) for all /3 G Bp. It follows 
thus from Prop. 14.51 and 14.81 that 

wp{A) = u{xp{Q)) = 1 - vp{Q), 

where xp is the local parameters on Y introduced in 14.41 The subgroup H' must be anti- 
canonical at p by Theorem 14. 9| i.e., we have pdeg^— < 1 — degp{H') for j3 G Bp. It 
follows from 14.5] that 

wp{A) = pdeg„-i^p{H'). 

Hence deg^-i,p{H') = i(l - u^iQ)), i-e- deg^{H') = i(l - i^^o^iQ))- 

(b) We proceed in the same way as in (a). Since Q is anti-canonical at p, we have 
W(i{A) = pv„-iof}{Q) for /3 G Bp. If if' = C, we have wp{A) = 1 - deg^(iJ')- Thus the 
equality 

deg/3(-f^') = 1 -pi^<T-io/3(<3) 

follows immediately. If H' ^ C, then H' is anti-canonical at p by Theorem 14.91 so we have 
Wi3{A) = p deg^-1 „i3{H') for /? G Bp. We deduce immediately that deg^(if') = vp{Q). □ 

Recall that for any weight k ^ TF" and any admissible open subset U C 2)rigj we have 

defined in 12.91 \ f\u for the space / G H^{U,Ld^). Note that if U is not quasi-compact, it's 
possible that \f\u = oo. We have the following basic estimation of norms under Hecke 
correspondence. 

Lemma 4.12. Let Q = [A, H) he a rigid point of^X)^ig defined over a finite extension K of 
Qk, and uj be a basis of the free {Ok (8i Op)-module l^Ij^iq^^. Let p be a prime ideal of Op 

dividing p, H' C A[p] be a {Op/p)-cyclic closed group disjoint from H, and (j) : A/H' — )• A 
be the canonical isogeny with kernel A\p]/H' . Let V be an admissible open subset containing 

the rigid point Q' = {A/H' , {H + H')/H'). If f is a section of lJ' overV such that \f\y is 
finite, we have 



\f{Q')\ = \f{A/H' ,{H + H')/H' ,p-^^*u:)\ Kp-^f^^*^"^"^^^^'"'^ \f\ 



V- 
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Proof. Let lo' be a basis of cOy^i /q^ as {Ok <X> 0_F)-module, where A' = A/H'. Then it's 

easy to see that p~^^*oj = auj' for some a € {K F)^ with |X/3(fl)| = p^°^i^^^ •* for ah 
/3 G B. Note that deg^(i7') = if /3 ^ Bp. Therefore, we have 

\f{A/H',{H + H')/H',p-'4>*u^)\ = \{Ylxp'''ia))fiA/H',iH + H')/H',u')\ 

/3GB 

^ p- E^6„, deg^(^^') |/(^///', + H')/H', u') I 

□ 

From the formula 12.8.31 we deduce immediately that 

Corollary 4.13. Let f be a section of lJ^ defined over an admissible open subset V o/SJi-ig 
with \ f\v finite, and p be a prime ideal of Of above p with fp = [n{p) ■ Fp]. Let Q = {A, H) 
be a rigid point o/2)rig such that Up{Q) C V. Assume that kp^ = min^gBpl^/?}; (^nd there 
exists c > such that ^^g^^ deg^(-ff') for any {Op /p)- cyclic subgroups of H' C ^[p] 
different from H . Then we have 

\Upif)m<p^'-''"^v\v. 

Proof By the the definition of Up{f) (j2.8.3p and the preceding Lemma, we have 

mf)iQ)\<pf^ sup \f{A/H',iH + H')/H')\ 
H'cA\p] 
H'nH=0 

<pf^ sup {p-^f^--f>'"'^^^'''^}\f\y. 
H'<zA[p\ 
H'nH=Q 

The corollary follows from the fact that 

□ 

Now we prove the first result on analytic continuation of p-adic Hilbert modular forms. 

Proposition 4.14. Let f be an overconvergent p-adic Hilbert modular form of weight 
k E Zi^. Assume that for all prime p\p, we have Up{f) = Opf with Op € . Then f 

extends uniquely to a section of lJ^ over Vcan such that Up{f) = apf remains true for all 
p\p. Moreover, |/|vca„ = supQgv^^J/(Q)| is finite. 

Proof. For any rational number < r < p and any prime ideal p of Of dividing p, we put 
Vcan(p; r)={Qe Vcan | i^^iQ) + P^a-^opiQ) > p + 1 " r for aU /3 G Bp}. 
Vcan(r) = Pi Vcan(?')- 
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Note that Vcan('^) is a quasi-compact admissible open subset of Vcam and {Vcan('')}r-^o+ 
form a fundamental system of strict neighborhoods of 2)°[^. Using Prop. 14.11( a). it's easy 
to check that J7p(Vcan(p; ^)) C Vcan(p; '^/p), and hence 

p\p 

We may assume that / is defined over some Vcan('^o)- Let n > 1 be the minimal integer 
such that p"ro > p, then we have (Hpip f^p)(Vcan) C Vcan(?'o)- Therefore, (Hp ^f^p")/ is a 

well-defined section of o;'^ over Vcan extending /. It's clear that the (extended) form / still 
satisfy the functional equations C/p(/) = Op/. The finiteness of [/[vcan follows immediately 
from Corollarv 14.131 

□ 

The following useful Proposition is motivated by |Pi091 §7]. 

Proposition 4.15. Let Z be any closed scheme ofYf^ with codimY-^(Z) > 2, and — Z[ 
be the rigid analytic tube in 2)rig of the open subset Y^ — Z . Then for any finite extension 
L/Qk and any weight k £ Zi^, the natural restriction map 

^°(2)rig,L,a^') ^ H^{]Y. - Z[l,J) 
is an isomorphism. Moreover, for any f G ^'^(2)rig,L, w'^); we have |/|2]^ig^ < I/I]Yk-Z[i,- 

Proof. We will just work in the case L = to simplify the notation, as the general case 
can be treated in the same way. Let Q be a closed point of Y^, and Oy^,q be the completion 
of the local ring of at Q. Then with the notation in (I4.4.2p . we have 

Oy.,Q ^ K{Q)[[{xp,yp : (3 G /(Q)}, {z^ : 7 g B - I{Q)}]]/{{xpyp : (3 G /(Q)}). 

We see that Oy^,q is Cohen-Macaulay, in particular it satisfy the condition S2. Since 
Y^ is excellent by |EGAIV| 7.8.3(ii)], it follows from [loc. cit. 7.8. 3(v)] that Oy^,q also 
Cohen-Macaulay. Now the Proposition follows directly from Corollary IA.5I and Remark 
IXTl □ 

The following proposition is an analogue of |Pi09| 2.4] in the Hilbert case. 

Proposition 4.16. Let p be a prime ideal of Op dividing p, /p = [k(p) : Fp], n > 1 be 
an integer, Up : 2)rig — > 2)rig be the set theoretic Hecke correspondence (|2.14.ip . Let L 
be a finite extension 0/ Qk, Q = {A,H) be an L-valued rigid point 0/ 2)rig, and Qn = 
{An,Hn) £ Up{Q) defined over a finite extension of L. Assume that the p-divisible group 
A[p°°] is not ordinary. Then we have vp{Qn) = ^piQ) for /3 ^ Bp, and 

/p-i /p-i 

(4.16.1) Yl P'^--o/3(Qn) > P'^^'^opiQ) 

for /3 G Bp . The equalities above hold for all /? G Bp if and only if the following properties 
are verified: 
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(a) The subgroup scheme H[p] is a truncated Barsotti-Tate group of level 1. Moreover, 
there exists a subset Jp C Bp such that vp{Q) = 1 for f3 ^ Ip and ^^{Q) = for /? G 

= Bp - /p, wp{A) =0 for P e (a(/p) n /p) U {a{I^) n I^), and wp{A) = 1 for /3 e 

(a(ip)n/p-)uKip=)n/p). 

(b) There exists a truncated Barsotti-Tate subgroup Gn C A[p"] of level n, stable under 
the action of Op, such that the natural maps 

is a closed embedding. 

(c) We have Qn = {A/Gn, H) € 2)rig, where we have considered H as a subgroup via 
(b). In particular, Qn can be defined over L. 

(d) Let Qn G Up{Q) distinct from Qn = {A/Gn, H). U P ^ 3, we have 

MQn)>^ + for any 13 GB,; 

in particular, Q'^ is canonical at p. 

Proof. We have a canonical decomposition of p-divisible groups 

A[p'^]=llA[cin. 

q|p 

Since the Hecke correspondence Up concerns only the p-component, the natural isogeny 
A ^ A' induces an isomorphism of finite flat group schemes 

H[q] ^ H'[q] 

for q 7^ p, hence i'j3{Q') = i^/iiQ) if /? ^ Bp. There exists a finite extension L'/L, and 
a sequence Qq = Q, Qi, . . . , Qn ^ 2)rig defined over L' such that Q^ S f^p(Qm-i) for 
1 < m < n. Assume Qm = (^mj-f^m) and A^ — Am-i/Dm for some closed subgroup 
Dfn C Afn-i[p] with Dfn distinct form Hm-i for 1 < m < n {Hq = H). We have a sequence 
of homomorphisms of groups schemes of 1-dimensional (C'i?/p)-vector spaces over Ol': 

H[p] ^ Hi[p] ^ H2[p] ^ • • • ^ Hnip] 

which are generically isomorphisms. The first part of the proposition follows from Lemma 
K7\ 

For the second part, the "if" direction is trivial. Assume now the equalities in (I4.16.ip 
hold for all /? S Bp. Lemma 13.71 implies that the natural morphism H[p] —> Hn[p] is an 
isomorphism, hence so is H[p] — > i/rn[p] for 1 < m < n. It follows that the exact sequence 
Dm — > ^m-i[p] — > Hm[p] Splits for 1 < m < n, i.e. 

(4.16.2) ^™-i[p] = Hm[p] X ~ H[p] X Dm. 

As direct summands of a Barsotti-Tate group of level 1, both H[p] and Dm are Barsotti-Tate 
groups of level 1. Moreover, since a;^[p] = i^H[p] ® ^Di and w^[p] is a free Ol (Op/p)- 
module, we have vp{Q) = deg^(/?) G {0, 1} for (3 G Bp. Therefore, there exists a subset 
/p C Bp such that H[p\ (resp. Di) is a special subgroup of A[p\ of type Ip (resp. of type 
/p) in the sense of Prop. 13.161 The hypothesis that A[p°°] is not ordinary implies that 
/p ^ Bp. Condition (a) follows immediately from l3.16r a). 
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To simplify notation, we denote simply by H and A their base change to Ol'- To prove 
(b) and (c), we construct inductively a sequence of closed subgroup schemes Gm C 
for 1 < m < n such that Gm C Gm+i and Am = A/Gm- We put Gi = Di, and assume 
that m > 2 and Gm-i has been constructed. We have a left exact sequence 

^ Gm-l(L) ^ A[p™-l](I) ^ Am-lip'^-'m, 

where L is an algebraic closure of L. We define Gm to be the scheme theoretic closure 
in ^[p™^^] of the inverse image of Dm{L) C Am-i[p](-^^)- Since the image of A[p] in 
Am[p] is Hm[p] ^ H[p], we have Gm(L) n A[p](L) = Gi(L) ~ Op/p- It follows that 
Gm{L) — Op/p^ for any 1 < m < n. Now we can show G„ is a Barsotti-Tate group of 
level n, i.e. the natural map Gm+i/Gi — >■ Gm, induced by the multiplication by p is an 
isomorphism for any m. It is clearly an isomorphism on the generic fibers, so we just need 
to prove that deg(Gm+i) = deg(Gi) + deg(Gm) by [FalOl Cor. 3]. This results from the 
splitting (|4.16.2p : 

deg(G„+i) - deg(G„) = deg(^„[p]) - deg{H) 

= degiA[p]) - deg{H) 
= deg(Gi). 

In this same way, the natural map Gn x H[p] — )• A[p^] is clearly a closed embedding over 
the generic fibers, and it's an isomorphism over O^/ because the degree of Gn x H[p] equals 
that of its image. This proves (b) and (c) except for the rationality of G„ over L. Actually, 
Dm is the unique special subgroup of Am-i[p] of type /p ^ by 13.16( a). By induction, all 
Am = Am-i/ Dm for < m < n are defined over Ol, so is Gn- 

For condition (d), note that there exists a sequence of rigid points Q'q = Q,Qi, • • • , Q'n 
such that ^ ^piQ'm-i) ^'^^ 1 < m < n. Let r < n be the minimal integer such 
that Q'^ / Qr. We have Q'^ = {Ar-i/H', {H + H')/H') for some (OF/p)-cyclic subgroup 
H' C distinct from H and D^- Note that H[p\ and D^ are respectively special 

subgroups of ^r-i[p] of type Ip and /p. It follows from l3.16r a)(3) that 



p — 1 p9 ^{p — 1)' 

in particular, vp[Q'^) + pffj-^ojjiQ'r) > I ^^"^ /3 G Bp if p > 3. By definition, Q'^ is canonical 
at p. This finishes the proof if r = n. If r < n. Prop. I4.1ir a) implies that 

/w \ P - 1 1 tr^i \ P - 2 1 

p p p—1 py '^[p—1) 

for any r < m < n and /3 G Bp. □ 

Corollary 4.17. Let Ip C Bp be a subset, and be its complementary in Bp. Let Q = 
{A,H) be rigid point o/2)i.ig with vii{Q) = 1 for /3 G /p and vp{Q) = for (3 G Ip. Assume 
that cr(/p) C Ip. Then there exists a rigid point Qi G Up{Q) such that i'i3{Qi) = VjsiQ) for 
all (3, i.e. the equivalent conditions in the Proposition are satisfied for n = 1, if and only 
ifw0{A) = lforPea{I^)nIp. 
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Proof. From [4?T6l fa). the condition that ■Wi3{A) = 1 for (3 € (^(-^p) H Ip is clearly necessary. 
We note that H[p] is a special subgroup of A[p] of type Ip. It follows from Prop. I3.16r a) 
that w,3{A) = for /? G a{l^)nl^, and w,3{A) = 1 for /? G a(lp)nlp^ = a{Ip). Uw(s{A) = 1 
for P £ cr(/p) n Ip, then I3.16l fb) implies that there exists a special subgroup Di C A[p] of 
type Jp. The point Qi = (A/Di, (H + Di)/Di) satisfies the required property. □ 

5. Proof of Theorem 11.31 Case of 12. 161 when g = 2. 

In this section, we assume g = 2, and p is inert in F so that Op/p ~ Fp2. We identify 
B = EmdQ(F, Q«) with Z/2Z = {1, 2}. 

5.1. We start with the stratifications on and described in the previous section. 
To simplify the notation, we drop the symbol "{_}" in the subscript, when there is only 
one element in the set. For example, we denote and W^{i},{i} simply by Wi and 
Wi^i. There are 4 strata in X,^: Wiif,Wi,W2 and Wb- The 2-dimensional stratum W0 
is the ordinary locus, Wi and W2 are the loci where the fibers of the universal HBAV 
are supersingular and with a- number equal to 1, and is the discrete set consisting of 
superspecial points. There are 9 strata in the Goren-Kassaei stratification of Y^. Here is a 
list of the strata according to their dimensions: 

• 2-dimensional: 1^1,0) 1^0,B> Wi^i, W2,2- 

• 1-dimensional: W^^i, Wb,2, VFi,b,Wb,2- 

• 0-dimensional: lyB.B- 

We have 7r(I^B,0) = vr(t^0,B) = Wm, vr(VFB,i) = vr(W^i,B) = W, for i € Z/2Z, ^(Wb,b) = Wb, 
and finally 7r{Wi^i) = Wi U Wb. In particular, the projection vr is not quasi-finite on the 
strata Wi^i and W2,2- For i £ Z/2Z, we put 

wlf = Wi,i n Tr-^w,), wi; = w,,, n 7t-\Wm). 

We call 

(5.1.1) Y:3 = WZ^W^$ 

the supergeneral locus, and 

Y^' = tt-\Wm) = U W|f2 U Wb,b. 

the superspecial locus. 

5.2. Let k be an algebraically closed field containing Fp2. For a finite group scheme G 
over k, we denote by its module of invariant differentials. If G is equipped with an 
action of Op^ ~ Zp2, we have a decomposition log = ^G,i © ^G,2, where Op acts on ujcpi 
via X/3r_ 

In [Pi09, 4.1], Pilloni classified the commutative finite group schemes of order p'^ over 
k. There are only 4 isomorphism classes: ^2 and a. Here, Upn = Ker(i<'"' : 

Ga — > Ga) is the kernel of n-th iterated Frobenius of the additive group for n = 1,2, 
a^2 is the Cartier dual of 0^2 , and a is the p-torsion of a supersingular elliptic curve over 
k. The groups Op x Op and a are isomorphic to their Cartier dual. These groups can be 
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characterized by the dimension of their invariant differential modules and those of their 
duals: 



dimfc(wa) 
dimjk(a;av 



1 



2. 



Lemma 5.3. Let P be a k-valued point of the stratum Wi C X^, and A be the correspond- 
ing HBAV. Then we have 7r~^(P)red — with two distinguished points corresponding 
to 

H = Kev{FA : A A^^) and H = Ker(y^(p-i) : A A^p~^^). 

In the first distinguished case, we have H ~ a^2 and {A,H) G M^b,i; in the second dis- 
tinguished case, we have {A,H) G Wi^b/ otherwise, we have H :^ a and {A,H) G Wi^i. 
Moreover, we have dimi;{ujH,2) = 1 in all the cases, and 



if H a or ap2 

1 ifH 



Proof. Up to isomorphisms, the contravariant Dieudonne module of A\p] can be described 
as ]D)(A[p]) = ]D)(A[p])i e ]D)(^[p])2 with ]D)(^[p])j = fce^ kdi, and the Probenius and 
Verschiebung are given by 



F{ei,di) = (62,(^2) 
V{ei,di) = (62,^2) 



1 

t2 

1 





F{e2,d2) = (ei,di; 
V{e2,d2) = (ei,di) 



1 






where t2 G is the value of the partial Hasse invariant /i2 at A with respect to certain 
basis. Giving an {O p / p)-cyc\ic subgroup H C A\p\ corresponds to giving a /c-line Lj = 
Ii{A\p]/H)p. C ]D)(yl[p])j for each i = 1,2 satisfying 

F(Li)CLi+i and ^(Li) C L^+i. 

It's easy to see that the only choice for Li is kei = (KerF)i = (Kery)i, and the choices 
for L2 are k{ae2 + b{e2 + t2d2)) with (a : 6) G P^. If (a : 6) = (1 : 0), we have L2 = 
(Imy)2 and H = Ker(y^(p-i)) ~ 0^2. If (a : 6) = (0 : 1), we have L2 = (ImF)2 and 
H = Ker(F^) ~ a^a- Otherwise, L2 is neither (ImF)2 nor (ImF)2, we have H a. The 
"moreover" part of the Lemma follows from the fact that = ]D)(^[p])j/Lj. 

□ 



Lemma 5.4. Let P be a k-point ofW^ C X^, and A be the corresponding HBAV. 

(a) The reduced fiber 'ir~^{P)y-cd consists of two copies o/P^, denoted respectively by¥^^ 
and P]. 2, intersecting transversally at a single point Q. 

(b) We have 7r-\P),^d n Wi^i = ^I MQ} for i G Z/2Z, and 7r-i(^')red n H^b,b = {Q}- 

(c) For a point {A,H) G 7r~''^(P)red; we have {A,H) E F^.- if and only if H a and 
^H,i 7^ 0, and we have {A, H) = Q, if and only if H = Ker(FA) = Ker(V^(i/p)) ~ x ap. 
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The proof of this lemma is quite similar to the previous one, and will be left to the 
reader as an exercise. 

5.5. Consider the valuation vsq = (1/1,1/2) : ^rig — ^ [0,1] x [0,1] defined in 14.7.11 Let 
sp '■ 2)rig — >■ be the specialization map. If Z C 1^ is a locally closed subset, we denote 
by ]Z[ = sp-i(Z) the tube of Z in 2)rig- By Prop. |M1 we have, for i G Z/2Z, that 

Q€]W^^q[^u^j{Q) = {1,1); 

Q ^ ]WM,i[ <^ < Vi{Q) < I and i/i+i(Q) = 1; 

Q (^]Wi4^ l^^{Q) = and z/i+i(Q) = 1; 

Q G ]Wifi[ ^ Vi{Q) =0 and < Vi+i{Q) < 1; 

Q G ]Wm,m[ ^ < uiiQ), U2{Q) < 1. 

In summary, the 4 vertices of the square [0, 1] x [0, 1] correspond to the strata of dimension 
2, the 4 edges correspond to the 1-dimensional strata, and the interior corresponds to the 
unique stratum of dimension 0. We have the following graph: 




Here, the two line segments with end points {(0, 1), (1/p, 0)} and {(0, 1/p), (1, 0)} are 
respectively pvi{Q) + i^2{Q) = 1 and i'i{Q) + pv2{Q) = 1- They intersect at the point 
(pTT' pTT-^' "^^^ anti-canonical locus W is strictly below these two lines, and the canonical 
locus Vcan is strictly above them. Note that Vcan contains ]VI/b0[ and ]VFB,i[ fori€Z/2Z. 

Let Up : 2}rig — ?> 2)rig be the set theoretic Hecke correspondence (|2.14.1|) . We want to 
understand the dynamics of Up on the too-singular locus. 

Proposition 5.6. Let Q = {A, H) € 2)rig be a rigid point, i € Z/2Z. 

(a) If Q € l^ifi > then we have 

1 

P 

for all Qi G Up{Q). In particular, the orbit Up{Q) is contained in the canonical locus Vcan- 

(b) If Q ^ ]Wi,B[ with < i^i+iiQ) < I, we have vp^Qi) = 1 and = 
1 — i — ^(1 — ViJ^i{Q)) for all Qi € Up{Q). In particular, the orbit Up{Q) is contained in 

Vcan ■ 

(c) If Q & ]Wifi[ with i < i/j+i(Q) < ^7^- Then there is a unique point Qi € Up{Q) 
with Vi{Qi) = 1 and = P^{i^i+i{Q) — \), o-nd the all the other {p^ — 1) points 



ViiQi) = 1 and = 1 
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Q'l G Up{Q) satisfy Vi{Q'^) = 1 and Vi^i{Q'^) = 1 - Vi+i{Q). In particular, if Vi+i{Q) > ^, 
we have Up{Q) C Vcan/ O'lT-d if i>i^i{Q) = |, then there is a unique point Qi G Up{Q) 
contained in ]Wj^j[, and the other points of Up{Q) are all in Vcan- 

Proof. If Qi = {A/H' ,A[p]/H') is the rigid point corresponding to a {OF/p)-cyclic closed 
subgroup scheme H' of A[p], then we have 

(5.6.1) UiiQ,) = degi{A[p]/H') = 1 - deg,{H'). 

Now the Proposition is a direct consequence of Prop. 13.211 

□ 

To describe the dynamics of Up on ]Wj''|[ for i G 7i/27i, we need the fohowing 

Proposition 5.7. Let K he a finite extension ofQ,^, and Q = {A,H) be a K -valued rigid 
point of ]Wlf[. Then we have Wi{A) = 1, < Wi^i{A) < 1, and all the {Op /p)-cyclic 
closed subgroup schemes H' of A\p\ different from H satisfy 

(5.7.1) deg,(//')+pdeg,+i(i/') = l. 

Moreover, 

(a) if < Wi^i < all the p^ {Op /p)-cyclic subgroups H' C A[p] different from H 
satisfy 

degi(i? = and <legi^^[H ) = ^ ? 

p p p'^ 

(b) if < Wi^i{A) < 1, there is a unique {Op /p)- cyclic subgroup H'q different from 
H with 

degi(i/^) = l-p{l- Wi+i{A)) and deg,^^{H'o) = 1 - Wi+i{A), 
and all the other p'^ — 1 subgroups H' satisfy degi{H') = deg2{H') = 

Proof. The fact that Wi{A) = 1 follows from Prop. I4.5l fd) or Prop. I3.20r a). and that 
Wi+i{A) > follows from the definition of ]VF/|[ . Let H' be an {Op /p)-cyclic subgroup 
of A[p] different from H, and put Q' = {A,H'). Lemma 15.41 implies that Q' lies either in 
]^/|[ ) or in jWj'!^;^ , or in ]Wb,b[- Since Prop. I3.20r a) implies that H is the unique 
(Oi?/p)-cyclic subgroup of A[p] in the first case is excluded. If Q' (z]Wl_^i we 

have degj+i(F') = and degj(F') = 1; in particular, dSTT]) holds for H'. If Q' G]Wb,b[, 
then Prop. I4.5r a) implies that there exists units u,v Ok such that 

1 = Wi{A) = mm{l, Vp{uxi{Q') + t'yf+i(Q'))}> 

where are the local parameters defined in 14.41 Since < Vp{xi{Q')),Vp{yi+i{Q')) < 

1, we see that 1 -Vp{y i{Q')) = Vp{xi{Q')) = Vp(yf+i(Q'))> i-e- Vp{yi{Q')) +pVp{yi+i{Q')) = 
1. We deduce (|5.7.ip from Prop. 14.81 It remains to prove the "Moreover" part of the 
Proposition. Applying Prop. I4.5f a) to the {i + l)-th partial Hasse invariant, we see that 
there exist units r, s G Ok with 

uJi+i{A) = mm{l,Vp{rxi+i{Q') + syf{Q'))}. 
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It follows from Prop. KB and (fSXTI) that 

Vpix,+,{Q')) = 1 - deg,^,{H') = 1 - - + 

p p 

Vp{yfiQ'))=pdeg,iH'). 

We have three cases: 

• If < deg^{H') < we have Vp{xi+i{Q')) > Vp{yf{Q')). Therefore, we have 

w,+i{A) = Vp{yf{Q'))=pdeg,iH') < 

i.e. deg,iH') = and de&+i(if') = i(l - deg,(if')) = J " 

• If degj(F') = we have Vp{xi+i{Q')) = Vp{yf^^{Q')) = and consequently 
Wi+i{A) > ^ and de&+i(i/') = ^. 

• If degi{H') > we have Vp{xi+i{Q')) < Vp{yf{Q')). Hence, we have 

Wi+i{A) = Vpix^+iiQ')) = 1 - - + '^''^'^^'^ 



p p 

i.e. degi{H') = I - p{l - Wi+i{A)) and degi+^{H') = 1 - Wi+i{A). 
From this list, statement (a) is clear. For (b), we have seen that if < Wi-^.i{A) < 1, 
the possible values for degj(i?') are and 1 —p{l — Wi-^-l{A)). On the other hand, Prop. 
I3.20r b) implies that there is exactly one Hq with degj(-ffQ) = 1 —p{l — Wi^i{A)) (note that 
this is even true when Wi-^-i{A) = 1). Hence statement (b) follows. 

□ 

Corollary 5.8. Let Q = {A, H) he a rigid point of ]W^l[ . Then all the points Qi € Up{Q) 
satisfy 

(5.8.1) i^i{Qi)+piyi+i{Qi) =p. 

More precisely, we have two cases: 

(a) If < Wi^i{A) < then we have 

MQi) = 1- and u,+i{Qi) = 1 - - + \wi+i{A) 

p p p'^ 

for all Qi E Up{Q). In particular, we have Up{Q) C Vcan- 

(b) // < Wi+i{A) < 1, there is a unique point Qi G Up{Q) with 

i^iiQi) = P(l - m+i{A)) and Ui+i{Qi) = Wi+i{A), 
and all the other points Q[ € Up(Q) satisfy i^i{Q'i) = 1^2 (Q'l) = In particular, we 

have Up{Q) C Vcan except when Wi+i{A) = 1; in the exceptional case, there is exactly one 
Qi € Up{Q) contained in ]Wi^i[ , and all the other Qi 's are contained in Vcan- 

Proof. Let H' be a Zp2 -cyclic subgroup of A[p] disjoint from H corresponding to Qi = 
{A/H',A\p]/H'). We have Ui{Qi) = degi{A\p]/H') = 1 - degi{H') by the definition 
(|4.7.1[1 . The Corollary follows immediately from the Proposition. □ 
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5.9. We can interpret the results above geometrically as follows. For i G Z/2Z and any 
rational number e with < e < 1, we put 

Ui{e) = {P G Xrig I Wi{P) = l,w^+i{P) > e}. 

Then every rigid point in Ui{e) has necessarily superspecial reduction. Similarly, we put 

Vi{e) = {Q£ ]Wi4 I Wi+i{Q) > e} 

They are respectively quasi-compact admissible open subsets of Xrig and 2)rig- Prop. 15.71 
implies that the natural projection tt : ^rig ^rig induces an isomorphism 

7r|v(£) : Vii^) Ui{e). 

Let P G Wb, i.e. a superspecial point of X^, and O^y be the completion of the local ring 

of X at P. We choose local lifts t-p ^,t-p ^ G of the partial Hasse invariants. Then we 

have an isomorphism (|4.4p 

d^-p^w{K{pmtp^^,tp^^]]. 

Let Dp be the 2-dimensional rigid open unit disk associated with the formal scheme 
Spf(O^p). Then we have 

Dp .(e) = Ui{e) n Dp = {P G Dp I Vp{tp ,{P)) > l,Vp{tp.^,iP)) > e}, 

and Ui{e) is a disjoint union of the closed polydisks Dp .(e) for all P G Wb- Composed 
with the isomorphism vr|y.(£-), we see that t-pi,t-p2 each superspecial point P establish 
an isomorphism 

(5.9.1) v,{e)^ \\ Dp(e). 

Now suppose < e < 1. Let vri : C(p)rig — > '^vig be the first projection of the Hecke 
correspondence [2.141 Then 7rj"^(l^(e)) is a disjoint union of two rigid analytic spaces 

7rr^^i(e)) = C(p)°g|v,(e) ]JC(p)^ig|y^(^), 

where C(p)*jg|y.(£-) corresponds to the unique (Op/p)-cyclic subgroup Hq C A[p\ disjoint 
from H given by Prop. I5.7r b). and C(p)°;g|i/-(£) corresponds to the remaining (Op/|j)-cyclic 
subgroups. Correspondingly, we have a decomposition of set theoretic Hecke correspon- 
dences Up = U°Y[ Up from Vi^i{e) to 2}rig) given by 

U;{Q) = MiTTir'iQ)) and U;{Q) = 7r2((7rJ)-i(Q)). 

By Corollary Mi we have U;{Q) C Vcan, U;{Q) C Vcan for Q G Vi{e) - Vi{l), and 
UpiQ) C]Wi,i[ for Q G Vi{l). We have a diagram 



C{p)tig\v,ie) 
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where Trf is an isomorphism of rigid analytic spaces. Hence, the correspondence Up comes 
from a genuine morphism of rigid analytic spaces: 

^12 = ^2 o (ttI)-^ : V,{e) ^ VU]Wi,i[U]W2,2[. 

Note that TThmi)) C]Wi4, and nl^me) - Vi(l)) C Vcan for ^ < e < 1. Let Q = 
{A, H) be a rigid point of Vi{e) over a finite extension L/Q,^, and Hq C A\p\ be the unique 

{Op /p)-cyclic subgroup distinct from H given by Prop. I5.7r b). Let / be a section of co^ 
defined over a neighborhood of Q' = {A/Hq, A\p]/Hq). Then Up{f) is defined at Q, and 
we have 

(5.9.2) U;if){A,H,u;) = ^fiA/H'„A\p]/H'o,p-'4>*co), 

where a; is a basis of i^a/o^ a-s a {Ol <8) 0_F)-niodule, and (p : A/H'q — > ^ is the canonical 

isogeny with kernel A[p\/Hq. Similarly, we can define a section 17° (f) of u/' over Vi{e) 
whenever / is defined over Vcan- 

5.10. Fix a rational number e with < e < 1. We slightly change our notation by 
putting Vi^i(e) = Vi(e), Vi^i = For any integer n > 2, we define inductively 

Vi,n{^) = {7Tl2rHV^,n-l{e)), and Vi,n = (ttJs)"' (^.,n-l) ■ 

We have natural inclusions 

Vi,i{e) D Vi^i D Vi,2{e) D Vi,,2 D ■ ■ ■ D y,,„(e) D F^.n D • • • • 
By composing vrfg with itself n-times, we get a morphism of rigid analytic spaces 

Lemma 5.11. Let K be a finite extension of Q^, and Q = {A,H) be a K-valued rigid 
point of]Wi4. 

(a) For any integer n > 1, we have Q G Vi^n if and only if there exists a unique (Op/p"')- 
cyclic truncated Barsotti-Tate closed subgroup Gn C of level n such that the natural 
morphism 

GnXH^ A[p^] 

is a closed embedding. In that case, we have (vrf2)"(<3) = {A/Gn,H), i-e. the set {Up)"'{Q) 
consists of the unique rigid point Qn = {A/Gn,H), where we have identified H with its 
image in A/Gn- 

(b) For any integer n > 2, we have Q G V^,,„(e) if and only if the point Qn-i = 
(^/G„_i,i7) G 

Proof. This lemma is a consequence of Prop. 14.161 □ 

The following technical Lemma will play an important role in the sequel, and it relies 
largely on the results proven in Appendix B. 
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Lemma 5.12. Let k be an algebraic closure of k, P be a superspecial closed point of 
Xf^, Dp(l) C Vi^i be the corresponding closed polydisc by (j5.9.ip . Then there exist local 
parameters tp ^,tp2 o/Dp(l) defined over W\K][l/p] such that we have, for any n>2, 

Dp(l) n Vi^nie) = {Qe Dp(l) I Vpitp.^^iQ)) >n-l + e} 
Dp(l) n Vi,n = {Qe Dp(l) I Vpitp .^^iQ)) > n}. 

In particular, Vi^ni^) 

is a strict neighborhood ofVi ^i- 

Proof. We may assume i = 1 € Z/2Z to simplify the notation. We consider first the case 
n = 2. Let A be the HBAV corresponding to P. We wiU consider A as a HBAV over 
K. Let Gp = A\p°"] be the associated p-divisible group. In the terminology of Appendix 
IB.5| Gp is a superspecial p-divisible group with RM by Zp2 . By Serre- Tate's theory on the 

deformations of abelian varieties, the completion of the local ring 0^_p ~ W^(^)[[ip i^^p 2]] 
is canonically identified with the universal deformation ring R^'^" of Gp. We take local lifts 
of partial Hasse invariants t-p -^^ = Ti,tp2 = T2 in Oj^_-p as in IB. 51 The subdisc D-p(l) is 
the rigid subspace D(l, 1) defined in IB. 91 of the rigid generic fiber of the deformation space 
of G-p. Let i^T be a finite extension of with ring of integers Ok, Q = {A, H) 

be a X-valued rigid point of Dp(l). We denote by (A, H, Hq) the unique point above Q 
in C(p)*jg, and by Qi = {A/ Hq, A[p]/ Hq) the unique rigid point in Up{Q). By Remark 
IB.9| the subgroup H, Hq are respectively just the pull-back to Ok via Q of the subgroup 
H^^,H^^ obtained in IB. 81 Now Prop. IB.Sf b) implies that pt-p ^{Q) and t-p2{Q)/v lifts 
the partial Hasse invriants of (A/Hq) ^k/p', in particular, we have wi{Qi) = 1 

and W2{Qi) = m.ax{l,Vp(tp 2{Q)/p)}- By definition, we have Q € V2,j(e) if and only if 
Qi € i-e. Vp{t-p ^{Q)) > 1 + e. Similarly, we have Q G V2.1 if and only if Qi € Vi^j. 

This proves this Lemma for n = 2. The general case follows by an easy induction on n. 

□ 

Lemma 5.13. Let k = {ki, /C2) € with ki > k2, and f be a section of uj^ over Vcan such 
that 1/ 1 Vcan is finite. 

(a) For any integer n > 1, the form Qn = ^{Up)^{f) is a well-defined section of to'' over 
Vi^nis) - Vi^n- We have 

(b) For any integer n > 1, the form hn = ■^{Up)^~^{Up{f)) is a well-defined section of 
^jk Qyg^ Vi,„,(e). We have 

\h I,. , , < r)-"('=2-t'p(ap)-2) + (p-l)fc2/(p+l)| f I , 

l"'"IVi,n(£) — P \J IVcan- 

Proof, (a) By definition, we have 
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where the second inclusion used Corollary 15.8( b). Therefore, Qn is well-defined over Vi^„(e) — 
Vi^n- To finish the proof of (a), it suffices to show that 

loilv r^ T/ < „-(fc2-2-^p(ap))+(l-e){p-l)fc2, . 

IVi,l(e)-Vi,l —F IJ iVcan) 

\9nhMe)-V.,r. < P"^'^~'"'^^^"''^^l5n-l|y„„_,(e)-K,„.i for n > 2. 

Let Q = (A, H) be a rigid point of Vi^„(e) — Vi^n over a finite extension L/Q^, -ffg '-'^ 
unique (Oi?/p)-cyclic subgroup of A\p] given bv 15.7( b). and a; be a basis of uja/Ol ^ ^ 
{Ol ® Oi?)-module. Consider first the case n = 1. By (j5.9.2p and Lemma |4.12| we have 

\gi{A,H,uj)\ = \^f{A/H'„A[p]/Hip-'4>*^)\ 
P flp 

< p'2+Map )-k2 (degi (H^ )+deg2 (^0 ) ) | / 1 y^^^ . 

By Prop. 15.7( b). we have 

degiK) + degM) > 1 - (P - 1)(1 - e). 
from which the desired estimation for jgily- i(e)-yi i follows. For n > 2 , we have similarly 

and the estimation follows from the fact that deg]^(i7g) + deg2(-ffo) ~ ^• 
(b) Since we have 

U;{U;T-\V,,n{e)) C f/;(y.,l(e)) C Vcan, 

we see that /i„ is well defined over Vi^ni^)- To prove the estimation for h^, it suffices to 
show that 

\h.U. . X < r,-('=2-t'pK)-2) + (p-l)fc2/(p+l) \f\ _ 2+Vp{ap)~2k2/{p+l) | ft 

l"'l|Vi,l(£) — \J IVcan ~ IJ IVcan; 

\hn\v.A^) < for n>2. 

The estimation for n > 2 is exactly the same as in (a). For the case n = 1, we can conclude 
in the same way by using the fact that, if Q = {A,H) € Vi^i(e), then all the subgroups 
H' C A\p\ with H' ^ H corresponding to U° have deg(i?') = degi{H') + deg2(i?') = 
2/(p + l). □ 

Now we prove Theorem 11.31 i.e Theorem 12.161 in the case g = 2 and p inert in F. Since 
the scalar extension by a finite extension L/Q^ is not essential, we may assume L = 
in Theorem 11.31 We have the following 

Proposition 5.14. Let f be an overconvergent p-adic Hilbert modular form of level TQQ(N)n 
Tq{p) and weight k = (/ci, ^2) G with ki > k2, and Up{f) = Upf for some Op £ Cp . We 
put V =]Wi,i[U]W2,2[UVc^n, and 

Vi = ]J = {Q = {A,H) e]Wi,i U W2,2[ I wi{A) = W2{A) = 1}. 

iGZ/2Z 
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(a) The form f extends uniquely to a section of u/' over V — Vi such that Up{f) = a.pf 
remains true, |/|v-Vi is finite and 

(5.14.1) l/lv-v, < max{l,/+'^-(«^)-'=^/^}|/|v_. 

(b) Assume that Vp{ap) < k2 — 2. Then f extends further to a section of iJ^ over 
- 1^1,1 [UVcan. Moreover, we have Up{f) = Upf and 

(5.14.2) l/l]y.-tyB,B[uV_ < /+''''^"^Vlv_. 

Before proving this Proposition, we note that Theorem 11.31 follows immediately from 
Prop. I4T51 and \2l\ 

Proof, (a) By Prop. 14.141 the form / can be uniquely extended to a section of o;^ over the 
canonical locus Vcam and |/|vcan finite. We first define the candidate extension of / in a 
strict neighborhood of 

■tGZ/2Z 

in V — Vi, and show that it coincides with the old / over the overlap with Vcan- Let 
0<e<l/2bea rational number. We put for i G Z/2Z 

m4:= {Q = {A,H) E 2}rig I < i^iiQ) < e,u,+i{Q) = 1,0 < Wi+i{A) < 1.} 

This is a strict neighborhood of ]VFj^j[~^,i V — Vi. Then the admissible open subsets 
{Vcan, ]W^2,2[°} form an admissible open covering of V — Vi. By Prop. 15.6( a) and 

15.81 the image of ]Wj^j[° under the Hecke correspondence Up is contained in Vcan- Hence, 
the form Fi = ^Up{f) is well-defined on and we have 

In particular, the sections {f , Fi, F2} glue together to a section, still denoted by /, oi lJ' 
over V — Vi- By our construction, it's clear that Up{f) = Upf still holds. To prove (I5.14.ip . 
it suffices to show that for i G Z/2Z 

\f\m.l-v., = sup \-Up{f)m<p'^'''^''''^~''^\f\v.... 

Q(^]WiA-V^.l Op 

BylMDandEZl for any Q = {A,H) e]Wu[-Vi^i and (OFM-cyclic subgroup H' C A\p] 
with H' D H = 0, we have degi{H') + deg2{H') > k2/p. By our construction of /, the 
required estimation above follows from Cor. 14.131 This finishes the proof of (a). 

(b) The proof will be divided into 3 steps. At each step, we will always denote by / the 
extension obtained in the previous step. 

Step 1. Extension to V. We fix a rational number e with < e < 1 as in 15.101 

We have to show that, for i G Z/2Z, there exists a section F G H^{Vi^i{s),ui^) such that 
F\v.,i(e)-V,,i = f\v.,i{s)-V..i and 

(5.14.3) |i^ll/,i(.)</+^^^''^^"^'l/|v. 
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We prove first that, for any integer n > 2, there exists a form S H^{Vi^i{e) — Vi^n,kl^) 
with Fn\v,^^{e)-V,,^ = /|y,,i(£)-y,,i- We put Gi = /|y^_^(,)_v._i and 

n-l 
m=l 

for any integer n >2. We note that G„ is a well-defined section of over — 
Indeed, the first n — 1 terms are even well defined over bv lS-lSt b). To justify the 

last term, we note that 

{U;r-HVi,n-lie) - Vi,n) C U;{Vi,iie) - y,,2) C Vean U (\W^4-Vi,l) C V - Vl. 

The same argument as in Lemma 15.131 shows that 

CLp 

where the last step uses the assumption k2 > 2 + Vp{ap). On the other hand, (|5.13|) (b) 
implies that the first n — 1 terms in definition of G„ are bounded by 

max {p-''"(fe2-2-t;p(ap)) + fc2(p-l)/(p+l)||J|.^^^^ ^ /"^'''''^"''■'"'^^'l/IVcan- 

l<m<n— 1 

Therefore, for any n > 1, we have 

|Gn|v.,„_,(e)-y,„ < max{/+^''('^^)-i^'=^|/|v_, l/lv-vj 
<max{l,p2+'^-('^-)-'=2/P}I/[v_, 

where we have used (|5.14.ip in the last step. Using the functional equation Up{f) = apf, 
it's easy to check that 

G'n|y,„_i{e)-y,„_i = Gn-l\v^,r^-l{e)-V^,r^-l■ 
Since {l^,m-i(e) — yi,m}2<m<n form an admissible open covering of T^,i(e) — Vi^n^ we see 
that the forms {Gm}2<m.<n glue together to a section of lJ^ over Vi^i{e) — Vi^n whose 
restriction to l^,i(e) — coincides with /. By the estimation above for Gn, we get 

(5.14.4) \Fn\v,Ae)-V.,r. < max{l,/+''^('^^)-'=^/^'}|/|v_ 

To obtain a form F over Vi^j(e), we define 



n 



1 

m=l P 



over l^,„(e). Then it follows from Lemma (STS^a) that 

17? -F'Ur /\ T/ — \ — (IJ''Yl f^\^r t/ < r)-"(^2 -«p(ap)-2) + (l-e) (p-l)fc2 | ^ | 



Since Vp{ap) + 2 < k2, the estimation above tends to as n tends to oo. Note that Lemma 
I5.13r b) implies that 

l^nly,„(.) </^''''^''''^"^'^l/IVca„ <max{l,/+^^("'')-i'=ni/lv... 
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Applying the gluing lemma [A.8I to Uq = Vi^i{e), we get a unique section F of u/' over 
Vi^i{e) whose restriction to — Vi^n coincides with Fn- Moreover, in view of the 

estimations for l-Fnly^ i-Vi „ ^md |-F^|y. ^(e), lemma lA^ also implies that \F\y- ^^g) is bounded 

by max{l,p'^^^^^"'^^~p'''\f\y^^^}. This extends the form / to V. Combining (I5.14.ip . we 
obtain 

(5.14.5) l/lv < max{l,p2+-pK)-^'=2}|/|^_. 

Step 2: Extension to VU]1^i,b[U] W2,b[- For an interval I C (0,1] and i G Z/2Z, we 
put 

]Wi,M[i = {Q (^]Wi,M[U]Wll[ I UiiQ) = 0,l^^+l{Q) e /}, 

]W^Mi =]Wi,m[MW2,m[i- 
By Prop. 15. 6| the image of ]TV*,b[(1 i] under the Hecke correspondence Up is contained in 
Vcan- The form -^Up{f) is thus well defined over ]M^*,B[(i ij) and it extends naturally /. 
For any rigid point Q = {A, H) in ]TV*,b[(1 iji Prop. 13.211 implies that 

degiH') = deg^{H') + deg^iH') > ^ 

for any (C'ir/p)-cyclic subgroup H' C A[p] with H f] H' = 0. Therefore, it follows from 
Cor. [in] that 

(5.14.6) |/|]^^,[ = sup |l(t/,/)(Q)| <p2+'^^M-'=^/^'|/jv_. 

Next, we extend / to the remaining part of ]Wi,b[U]W2,b[- Let = p^^^i^i-^ for ciny 
integer n > 0. The quasi-compact open subsets { ]W*^B[[e„,e„_i] }n>i form an admissible 
open covering of ]V!4^B[(o,eo]- Note that eo > |, and that ]l^*,B[[e„,e„_i] forn > 2 is contained 
in the anti-canonical locus (|4.9.ip 

W = {Q(£ 2)rig I l^^iQ) + P'^^-l{Q) > 1 e Z/2Z.} 

By Prop. 15.61 and [4.111 the Up sends ]W^*^B[[ei,eo] ^^^^ 

VU ]Ty^,B [[.0,1] = VcanU [ U ] W2,2 [U] T^*,B [[.q,!] , 

where the form / has been defined, and it sends ]^*,B[[e„_|_i,e„] into ]VF^_B[[e„,e„_i] f*-"- ^ ^ 1- 
Therefore, we can define inductively a form on ]VF^^B[[e„,e„_i] putting fi = -^Up{f) 
and fn+i = -^Up{fn) for n > 1. It is easy to see that 



,1 T ~ J I vy*B ,1 ,' 



and the forms {/n}>i coincide with each other over the overlaps of their definition domains. 
This proves that / extends to a section of w'^ over VU ]VF^^b[(o,i] ■ Bv I4.11f b) and (I3.2ip . 
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for any rigid point Q = {A,H) G]Wit^B[[ei,eo]) every {Op /p)-cyc\\c subgroup H' C A[p\ with 
H' n H = has degree 

deg{H') = deg^{H') + deg^iH') > ei. 
It results from Cor. 14. 131 that 

(5.14.7) l/l]l^..B[,,,„j = sup \^{U,f)m 



^ 2+Vp{ap)-eik2\f\ 



can ' 



where we have used (I5.14.5p and (I5.14.6p in the last inequality. 

Step 3. It remains to extend / to ]VF0b[- We denote by C(p)rig|>v the inverse image of 
the anti-canonical locus W by tti : C(p)rig — )• 2)rig. Prop. I4.1ir b) implies that we have a 
decomposition of rigid analytic spaces 

C(p)ng|w = C(p)^:ig]JC(p)?ig. 

Here, for every rigid point Q = {A,H) G W, 7r^^{Q) PI C(p)^jg consists of the single point 
{A,H,C), where C C A\p] is the canonical subgroup; and 7r^^{Q) nC(p)5?;g corresponds to 
the other — 1 anti-canonical subgroups. Correspondingly, we have a decomposition of 
Hecke correspondences Up = Up + Up. For e„ = ^n^^-^^ as above, we put 

] W^0,B [e„ = ] W'0,B [ U ] VF'^,B [{0,e„] • 

They are strict neighborhoods of ]VF0 b[ in JY^ — Wb,b[- By Prop. 14. IH we have 

U;{]W^,mU cm,^U„_, forn>l, 

and ?7p (]W0,bD C Vcan- We define a section of lJ" on ]W0_B[e„ by 



5" = E 



By Prop. 14. m for any rigid point Q = {A, H) €]VF0 B[e„, the canonical subgroup C C A[p] 
has degree 

deg(C) = degi(C) + deg2(C) > 2 - pe„ > 1. 
We deduce from l4.12] that. for m > 1 and Q G]VF0B[e„, 

\l-{U^r-\U^)(f){Q)\<p^+M'^p)-i''ide,Acl+k^ 
dp ap 
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Since 2 + Vp{a.p) — k2{2 — pen) < 2 + Vp{ap) — k2 < 0, we get 
(5.14.8) 



Up 

Moreover, it follows trivially from 14. 121 that l^t^p (/)|]VK0 b[^„ - P^^'''' l/|Vcan- Hence, we 
get 

(5.14.9) < m^ax^ (/) = \^U^if)\]W,^,U^ 

Using the functional equation / = ■^Up{f), we see that Qn — f = '^{Up)"'{f)- A similar 
argument as in (|5.14.8p shows that for any n > 1 



dp 

-•f^ I.' l]M^*,B[[£l.eol• 



En,l!„_l] 



As 2 + Vp{ap) < we check easily for any n > 1 that 



up\u,p 

n 



(2 + vpiap)) - k2{2n - e.) < -k^n + /c2p^^±^^(l - ^) < 0. 



Therefore, we get 1/ " ffn|]Ty,,„[[,^^^_,„j < l/l]W/.,„[[,^.,„j and 
From (|5.14.7p . it follows that 

In view of (|5.14.9p . we deduce that ^ < P^^"*'^"''^ l/lvcan for every n > 1. 

Combining with the estimations (|5.14.5p . (I5.14.6p and (I5.14.7p . we see that 

Now the assumptions of Lemma I A. 81 are satisfied for Xk = 2)rig with Uq =\Y^ — Wb,b[, 
Un =]T^0,B[e„ for n > 1, K = = / |]y,-H',,,[-K. , = 5n and C = p^+^.^'^-^l/lv^. 

We deduce that there exists a unique section / of uj^ over JY^ — Wb,b[) hence also over 
— VFB,B[UVcan, which extends / and is bounded by p^'''^''''"''''|/|vcan. This completes the 
proof. 

□ 
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6. The general case of Theorem 12.161 

In this section, we indicate how to generahze the arguments in the preceding section to 
prove Theorem 12.161 in the general case. 

6.1. We denote by S the set of ah prime ideals of Op above p, and we assume [k{p) : 
Fp] < 2 for all p G S. Let Si be the subset of S consisting of primes of degree 1, and 
S2 C S be the subset of primes of degree 2. Since Theorem 12.161 in the case S = Si was 
treated by Sasaki [SalO] . we always suppose that S2 7^ 0. We have a partition 

B = (II 11(11 Bq)- 

For p G Si, we denote by /3p the unique element of Bp, and fp the corresponding valuation of 
2}rig (j4.7.ip : for q G S2, we denote by Bq = {/3q,i, /3q,2}) and z^q,i,z^q,2 be the corresponding 
two valuations. Let I = [0, 1] and J = [0, 1]^. We have a valuation map 

i^g = ((t'p)pGSi, ('^q,l,i^q,2)qeE2) : 2)rig I^' X 
In general, if is a subset of I^^ x J^^ ^ -^g 

2),ig(l^) = {Qe 2)rig I u^jiQ) G n}. 

Let {Sp : p G S} be a collection of non-empty subsets of either I or J. If all the 
Sp are closed and connected in the usual real topology, the corresponding rigid subspace 
^^rigdlpGE "^p) ^ quasi-compact admissible open subset of 2)rig- For example, if 1 = 
(1, 1, • • • ,1) G X J^2, then 2)rig(l) is the ordinary locus 2)°fg^. Hence, if HpgE '^'p is a 
neighborhood of 1 in I^^ x J^^^ then SJrigdlpeS "^p) a strict neighborhood of the ordinary 
locus 2)-d in 2),ig. 

Lemma 6.2. Let I = [0, 1], and Jg be the boundary of [0, 1]^, i.e. the union of its four 
closed edges. Then 2)rig(I^^ ^ Jq^) is the tube over an open subset ofY,^ whose complement 
has codimension 2. 

Proof We consider Goren-Kassaei's stratification on defined in (j4.3l) . where 

((^,77) runs through all the admissible pairs of subsets of B. For each p G S, we put 
ipp = (/9 n Bp and r^p = PI Bp. Then we have = JJpgj] fp and rj = Upg^ Vv- Similarly, for 
each prime p, the pair (c/Jp,r/p) of subsets of Bp can be called admissible in the sense that 
(pp Z) o"(r/p), where rj^ denotes the complementary subset Bp — ijp, and o" : Bp ^ Bp is the 
action of the Frobenius. In particular, we have 

\Vp\ + \r]p\ >\Mp\ = Kp) :Fp]. 

Now, let Z be the union of all the strata W^p^ri such that there exists at least one p G S2 
with {ipp,r]p) = (Bp, Bp). By |GK09[ 2.5.2] (or cf. [33]), Z is closed in y«„ and each stratum 
jj in Z has dimension 

25 - \^\ - \v\ = 25 - X^d'^pl + l^pl) ^5-2, 
pes 
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i.e. Z has codimension 2 in Y^. Now one checks easily that 2)rig(I^i x Jq^) identifies with 
the tube over Yf^ — Z. This proves the Lemma. □ 

6.3. We fix a prime p € Si of degree 1. We describe the Hecke correspondence Up on 2)rig- 
Let L be a finite extension of Q^, and P be a L- valued rigid point of X^g corresponding to 
a HBAV over Ol- We denote by Wp{A) the partial Hodge height of A (|4.6.ip corresponding 
to the unique element of Bp, and A[p°°] be the p-component of This is a p-divisible 

group of dimension 1 and height 2, since p has degree 1. Thus for any (Oj?/p)-cyclic 
isotropic subgroup H of ^[p], its p component H[)js\ is just a subgroup of order p in the 
p-divisible groups A[p°°]. The possibilities for such subgroups are well analyzed by Katz 
and Lubin [Ka73| , and widely used in the work of |Bu03| , |Ks06| and |SalO) . We summarize 
the results in our language as follows. 

Lemma 6.4 (Lubin-Katz). Let p € Si as above, Q = [A, H) he an L-valued rigid point of 
2)rig. Then we have the following possibilities: 

(a) Assume < Ui{Q) < 1, i.e. Q is canonical at p in the sense of Theorem \4.9\ Then 
we have Wp{A) = 1 — t'p(Q) < ij^, CLnd all the subgroups H' C A[p] of order p different 
from H[p] has deg{H') = |(1 — i>p{Q)). Or equivalently, all the points Qi G Up{Q) satisfy 
l-Vp{Qi) = l{l-Vp{Q)), I.e. 



p p p + 1 

(b) Assume i'p{Q) = i.e. Q is too-singular at p. Then we have Wp{A) > and 
all the subgroups H' C A[p\ of order p different from H has deg{H') = or equivalently, 
we have ^^{Qi) = ^ for all Qi G Up{Q). 

(c) If < fp((5) < '^H' Q ^"^ anti-canonical at p in the sense of Theorem \4-9[ 
Then we have Wp{A) = pi'piQ) < There exists a unique subgroup C C A[p] of 
order p different from H with deg(C) = 1 — pvpiQ), and the other subgroups H' C ^[p] 
has deg{H') = t'p(Q). Equivalently, there exists a unique point Qi € Up{Q) with fp(Qi) = 
P^piQ) < and all the otherp—1 points Q[ G Up{Q) satisfy Vp{Qi) = l — Up{Q) > 

Proof. Indeed, all these results are direct consequences of [Ka731 3.10.7]. Statement (a) 
and (c) are also special cases of Prop. 14.111 □ 

We have the following proposition on the analytic continuation of a C/p-eigenform form, 
due to essentially Kassaei |Ks06| . 

Proposition 6.5. Let p G Si as above, andYl^^Y. "^q ^ ■'■^^ x J^^ closed and connected 
neighborhood of 1. Let k G Z*, A;p G Z 6e its p-th component, and f be a section of lJ' 
over SJrigdlqGS ^^)- ^ssume that f is a Up-eigenform of weight k with eigenvalue Op ^ 0. 

(a) The form f extends uniquely to an eigenform of Up with eigenvalue Op ower 2)i.ig(I>o x 
f3;^_^p S'q), where I>o = (0, 1] is considered as a subset of the p-th copy of I. 

(b) If Vp{ap) <kp — l, then f extends uniquely to an eigenform of Up with eigenvalue Op 
over 2)rig(I x riq^p-^q)- 
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Proof. The arguments are the same as in |Ks06[ 4.1] and |SalOj . We include a proof here 
for completeness. 

(a) For any integer n > 0, we put — pTi— • By assumption, Sp is a neighborhood 
of 1 S I = [0, 1]. We may assume thus [1 — eTv] C S'p for some integer > 0. By Lemma 
I6.4l fa) and (b), the image of 2)rig([l — Cnj 1] ^ Ylq^p ^q) under the correspondence Up is 
contained in 2)rig([l — £n+i, 1] x Hq^^p •S'q)- Therefore, the form -^U^ is well defined over 
2}rig([l — eoi 1] X riq^p ^q)' Note that 1 — eo = ei = This gives the unique extension 
of / over 2)rig([ei7 1] x Hq^^p •S'q)- By Lemma [6^ c) . we have 

C/p(2)rig([en+l,l] X J]5q)) C 2)rig([en,l] X H-^q)- 

Using the functional equation / = —Up{f), we can extend inductively / to 2)i.ig([e„, 1] x 
Hq^p 'S'q) for any n > 1. As the quasi-compact admissible open subsets of {2)rig([era, 1] x 
Hq^p 'S'q) ■ n > 1} form an admissible covering of 2)rig(I>o x Hq^^p'^'q)! this finishes the 
proof of (a). 

(b) We proceed in the same way as in Step 3 of Prop. 15.141 We put W = 2)rig([0, x 
J^jj-^pS'q). This is the analogue of the anti-canonical locus in our situation. Denote by 
C(p)rig|vy the inverse image of W via the first projection of Hecke correspondence vri : 
C(p)rig — >• 2)rig (j2.14.ip . By Lemma [63Jc), we have a decomposition 

C(p)rig|w=C(p)^ig]JC(p)?ig, 

where C(p)^;g corresponds to the distinguished canonical subgroup C C A[p] above a point 
Q = {A,H) € W via vri, and C(p)J?jg corresponds to the remaining subgroups. Conse- 
quently, we have a similar decomposition for the C/p-operator Up = Up+Up. By Lemma 
I6.4r c). we have 

C^P (2)rig([0, e„] X H S,)) C 2)rig([0, e„_i] x S,) for any n > 2, 
qv^p qv^p 

C/p (2)rig([0, e„] X n -^q)) C 2)ng(h, 1] X J] -^q). 

qy^p qT^P 

Hence, the section 

n 

5" = E;^(^pr~'W) 
1 "p 

m=l 

is well defined over 2)rig([0, e^+i] x Hq^p 'S'q) ^oi n > 2. Bv I6.4r c). for any rigid point 
Q = {A, H) € 2}rig([0, e„+i] x Ilq^p 'S'q)) the canonical subgroup C C A[p] has degree 

deg(C) = 1 - pi^p(Q) > 1 - p€n+i = 1 - e„. 
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Using Lemma [4.121 we deduce that for 2 < m < n 

\J_(TTC\m-lTja( f\\ 
^r,'i-+Vp{ap)-kp{l-en)\_}^_fTTC\m-2TTaff\\ , ^ 

-P typ(/j|2,^.^([o,e„]xn,^p5,) 

Up 

< (m-l){l+^p(ap)-fcp)+fcpE?=„-„+2^» |J_[/"ff)L, , ^ 

Moreover, it follows trivially from 14. 12] that 

I— t^p"(/)l2jHg([0,c„_™+2]xn,^p5,) <P^^''''^"''Vl3)Hg([^o,l]xnq^pS,)- 

Combining the these two estimations above and using X]"=„_m,+2 ^ ^« ~ p'-i^-i ' 

get finally 

l^i^p) ^p(^)l2jHg([0,.„+i]xn,^pS,) <P i/l2jHg([.o,l]xn,^p5,) 

for all 1 < m < n. Thanks to the assumption fcp > 1 + Vp{ap), the estimation above tends 
to as m ^ oo, so there exists a constant M > independent of n such that 

(6.5.1) l5nb,,,([o,e„+,]xn,^p5,) < ^m^xJ-L(C/;=)--i[/-(/)|5,^^^(p^^^^^^ < M. 

On the other hand, via the functional equation Up{f) = Op/, it's easy to see that 

f-sn = ^iu^nf). 

Up 

By a similar argument with Lemma [4.121 we get 

1/ ~ 5'n[2)rig([e„+2,en+l]xn,^p 
^ „l+Vp{ap)-kf,{l-e,^)i^_(TTC\n~lf i n c^ 



Up 

<pn(l+^.K)-/cp)+.pEL.^. l/bHg([e2..]xn,,p5,). 



As EI Li ei < ^> we see that 1/ -5nl2)rig([^„+2,€n+i]xn,^p5c,) tends to when n ^ oo. By 
dnSH, up to modifying the constant M, we may assume that \ f\<r),i^{le„+2,e„+i]xU^^f,S^) < 
M, and even |/l2]rig(l>oxn,^p 5q) < Now applying Lemma [^ to Uq = 2)rig(I x 

riq^p'S'q), f^n = 2)rig([0, e„+i] X Oq^p'S'q), K = Un+1, Fn = f\uo-Vn, K = 9n, we get a 
C/p-eigenform / defined over 2)rig(I ^ ^c\^p "^q) extending /. □ 

6.6. Let p G S2, and Bp = {/3p,i, /3p^2}- Here, the subscripts 1,2 should be considered as 
elements in Z/2Z, so that if i is one of them then i + 1 denote the other. We indicate 
how to generalize the results of Section 5 to our situation. We start with generalizing the 
9 strata (|5.ip of Y^. As in the proof of Lemma |6.2| we say a pair {ipp,r]p) of subsets of 
Bp is admissible if ipp D cr(Bp — r/p). If {(p,rj) is an admissible pair of subsets of B, then 
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{tp n Bp, r/ n Bp) is an admissible pair of subsets of Bp, and we denote it by ((/?, rj)p. For an 
admissible pair ((/9p,r/p) of subsets of Bp, we put 

= U 

{f,'n)p={f9,'np) 

where W^^r) is the usual Goren-Kassaei stratum defined in 14.31 We have a similar list of 



strata in as in 15.11 

• 0-codimensional: T^Bp,0, ^"0,1^, W/3p,i,/3p,i, W/3p,2,/3p.2- 

• 1-codimensional: WBp,/3p,i, WBp,;?^ T4^/3p_,,Bp, VF'^Sp.a.Bp- 

• 2-codimensional: WBp,Bp- 

The graph in 15.51 generalizes to our case, so that under the valuations (i^p,!, ^^,2) the loci 
of codimension 0, 1 and 2 correspond respectively to the four vertices, the four edges and 
the interior of the square J = [0, Fori G Z/2Z, we can define similarly the supergeneral 
locus W^^ . ^ . of Wp^ - to be the region where the a- number of the universal p-divisible 
group ^[p°°] equals to one, and the superspecial locus W^^ _ ^ . to be the area where the 
universal p-divisisible group ^[p°°] is superspecial. Now, Propositions 15. 6^ 15.71 and 15.81 
generalize word by word to the tubes ] . ^ , [ and ] . . [, because all the proofs have 
only used the properties on the p-divisible group ^[p°°]. 

To state the generalization of Prop 15.141 we introduce 

5=™ = {(xi,X2) G [0, 1]^ \xi+px2> I and X2 + pxi > 1} 
So the locus canonical at p in KKTh is also denoted by Vp = 2)rig(I^' x J^2'{p} x S""^"^). 
Proposition 6.7. Let HqeS "^q -'-^^ ^ closed and connected neighborhood of 

1. Fix a prime ideal p G S2 as above. Let k G Zfi, and f be a Up-eigenform defined 
over 2)rig(nqeS "^q) eigenvalue Cp. Assume that fp(ap) < minj/cp^i, kp^2} — 2. Then f 
extends uniquely to a Up-eigenform over ^Irigdlq^-^p '^'q x (Sp U 5^^" U Jn)). 
Proof. First, the same argument as in Prop. 14. 141 applied to the C/p-operator shows that / 
extends to 2)rig(nq^p '^'q x (5p U5'^'^'^)). Since Prop. 15.61 and [5?8] generalize naturally to our 
case, we just need to copy the proof of Prop. 15. 141 word by word. The only place that needs 
more justification is Step 2 of l5.14| where we used Lemma [5. 121 We can define similarly the 
quasi-compact open subsets and l^,n(e) as in 15.101 In general, their global structures 
maybe be complicated. However, what we really need from 15. 12] is the fact that Vi^„(e) is a 
strict neighborhood of Vi^n- This is certainly true in the general case, because the universal 
p-divisible group ^[p°°] is exactly the same as in Lemma [5. 121 and the generalized Vn and 
Vn,e are cut out by certain special local lifts of the partial Hasse invariants at p in the same 
way. □ 

6.8. Proof of Thm. 12.161 Let / be an overconvergent eigenform as in the statement of 
12.161 We choose a closed and connected neighborhood OpeS "^P ■'■^^ ^ "^^^ ^ where 
/ is defined. Applying successively Prop. 16.51 and 16.71 for all p G S, we get an eigenform 
/ defined over 2)i.ig(I^i x Jg^). Now Theorem 12.161 follows immediately from Lemma [6.21 
Prop, iroi and Prop. O 
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Appendix A. Some results on the extension of sections in rigid geometry 

The purpose of this appendix to summarize some general results on the extension or 
gluing of sections in rigid geometry. The basic ideas of the proofs are already contained in 
the work of Kassaei [Ks06j and Pilloni |Pi09| . 

A.l. Let Ok be a complete discrete valuation ring with uniformizer tt, k = ©/^/(vr), and 
K be the fraction field of Ok- We say a topological Oj^-algebra A is admissible if it is 
topologically of finite type and fiat over Ok, i-e. A is a vr-torsion free quotient algebra 
of the usual Tate algebra of convergent power series in several variables over Ok- An 
admissible formal scheme over Ok is a quasi-compact and separated formal scheme over 
SpI^Ok) which is locally the formal spectrum of an admissible O^-algebra. An affine 
formal scheme Spf(A) is admissible over Ok if and only if A is an admissible topological 
Ox-algebra. 

Let X be an admissible formal scheme over Ok- According to Raynaud, we can associate 
to X a quasi-compact rigid analytic space Xk over K, called the rigid generic fiber of X. 
Similarly, to each coherent sheaf ^ over X, we can attach a coherent rigid analytic sheaf 
J^K over Xk- We denote by Xq the special fiber of X, and we have a natural specialization 
map sp : Xk Xq of topological spaces (cf. |Be96| Chap. 1). If Uq is a locally closed 
subset of Xq, we put ]C/o[= sp~^{Uo), and call it the tube over Uq in Xk- If U C X is the 
open formal subscheme with special fiber Uq, then we have ]i7o[= Uk- 

Lemma A. 2 (cf. |Pi09| . Lemme 7.1). Let X = Spf(A) be an admissible affine formal 
scheme over Ok, Uq C Xq be an open subset of its specail fiber, ^ be a coherent Ox- 
module flat over Ok, o-nd = ^ j-K^ . If the restriction map H^{Xq, ^q) H^{Uo, J^q) 
is an isomorphism, then the restriction map 

H^{Xk,^k)^H\]Uo[,^k) 

is also an isomorphism. 

Proof. Let U be the formal open subscheme of X corresponding to Uq. The the exact 
sequence ^ ^ ^ ^ of sheaves on X induces a commutative diagram 

H^{X,J^) -ifO(Xo,^o) 

H^{U, ^) H^{U, .^)/7tH^{U, H\Uq, ^o), 

where the horizontal maps are natural reductions, and the vertical arrows are restrictions. 
Since the right vertical arrow is an isomorphism and H^{U,^) has no vr-torsion, an easy 
diagram chase shows that i is injective. On the other hand, since H^{U, ^)/ttH^{U, ^) 
is a finite over A/ttA, Nakayama lemma implies that H^{U,^) is a finite A-module, and 
the image of l generates H^{U,^). Hence, the restriction map t is an isomorphism. The 
Lemma follows immediately by inverting vr. 

□ 



CLASSICALITY OF OVERCONVERGENT HILBERT EIGENFORMS 



65 



Lemma A. 3. Let X he an admissible formal scheme over Ok, Uq C Xq be an open dense 
subscheme of the special fiber, and ^ be a coherent Ox-innodule flat over Ok- Then the 
restriction map 

H\Xk,^k)^hWUq1^k) 

is infective. 

Proof. Let U <Z X he the open formal subscheme corresponding to Uq. Since X is quasi- 
compact and separated, we have a natural isomorphism H^{Xk, '^k) — H^{X,^) ®Ok 
K; and similar statement holds with X replaced by U. Hence, it suffices to prove that 
the restriction map H^{X,^) — t- H^{U,^) is injective. Let X = [j^^jVi be a finite 
open covering of X by affine admissible formal schemes over Ok- Since H^{X,^) — > 
n.gji/°(yi,^) is injective, we are reduced to proving that H^{Vi,^) -> H^{U r\Vi,^) 
is injective for all i € I. The density of Uq implies that 

is injective. Let / G such that f\unv, = 0. Then there exists /i G 

with / = vr/i. Since ^ has no vr-torsion, we deduce that fi\unVi = 0. Repeating this 

process, we see that / = 0, because H^iVi,^) is vr-adically separated. □ 

In general, if Xq is a locally noetherian scheme and ^ is a coherent sheaf on Xq, we 
denote by depthj(^jj(^2;) the depth of as an Cxcx-module for any x G Xq. 

Proposition A. 4. Let X be an admissible formal scheme over Ok, Yq C Xq be a closed 
subscheme, ^ be a coherent Ox-'module on X fiat over Ok, = ^/tt^. Assume that 
for any x G Yq, we have depthj^|j(^o.a;) ^ 2. Then the restriction map 

I : H\Xk, ^k) ^ H\]Xq - YqI 3Pk) 

is an isomorphism. 

Proof First, we have dim(C'xo,x) > depthj^y(^o,x) > 2 for all x G Iq by |Ma86| Thm. 
17.2], i.e. Yq has at least codimension 2 in Xq. In particular, Xq — Yq is dense in Xq. The 
morphism l is therefore injective by Lemma IA.3I Let X = IJie/ ^« ^ finite covering 
of X by affine open admissible formal subschemes. By |SGA21 II 3.5], the natural map 
H^iUifl, -^q) — > H^{Uifi — Yq,^q) is an isomorphism. It results from Lemma [A. 21 that 

H\Ui,K,<^K) ^ H'^ipifl-YQl^K) 

is an isomorphism for all i G L. Let / G H^{]Xq — Yq[,J^k), and /j be its restriction to 
]Uifl — Yq[. By the previous discussion, /j extends naturally to Ui^K- We have to show that 
the fi\u,^KnUj,K = fj\u^,KnUj,K hj G I- As Ui^ n Uj^ - Y q is dense in Ui^Q n Uj^Q and 
fi\]U,or^UjQ-Yo[ = fj\]U,or\Ujo-Yo[, we conclude by Lemma[Al 

□ 

Recall that we say a noetherian local ring A satisfy the condition 5*2, if depth(74) > 
min{2, dim(A)}. For instance, all the normal rings or Cohen-Macaulay noetherian local 
rings satisfy the condition 5*2. 
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Corollary A. 5. Let X be an admissible formal scheme over Ok, d'nd ^ be an Ox-module 
locally free of finite type. Let Yq C Xq be a closed subscheme of codimension > 2 such that 
for any x € Yq, the local ring Oxo,x satisfy the condition 82- Then the restriction map 

H%Xk,^k) ^ H^i]Xo - Yo[,^k) 

is an isomorphism. 

Proof. The condition ^2 implies that depth^^^ (^o,x) = d^P^^Xo{^Xo,x) > 2 for x € Yq. 
The Corollary follows immediately form the Proposition. □ 

A. 6. Norms. Let \ -\ : K R.>o be a non-archimedean absolute value on K with valuation 
ring Ok- We fix an algebraic closure K oi K. Note that | • | extends uniquely to K. If L is a 
finite extension of -fC, we always consider L as a subfield of K by choosing a i^T-embedding, 
and we denote by Ol the ring of integers in L. The following treatment on norms follows 
[PiCM 5.3]. 

Let X be an admissible formal scheme over Ok-, and ^ be an Ox-module locally 
free of finite type. Let a; be a rigid point of Xk with values in a finite extension L/K. 
Then x comes from a morphism x : Spf(OL) ^ A of formal schemes over Ok- Let 
(ej)jg/ be a basis for the finite free O^-module x*{^). We have a natural identification 
x*{-^k) = x*{^) ®Ok K. For / = Eie/^i^i € x*{^k) with ai € L, we put |/| = 
maxjg/{|aj|}. It's easy to check that this definition does not depend on the choice of 
the basis (ej)jg/. Let U C Xk be an admissible open subset, and / G H^{U,^k)- We 
put \f\u = swp^^jjg^^^ Note that it's possible that \f\u = +00 if U is not quasi- 

compact. If U is quasi-compact and reduced, it follows from the maximality principle that 
I/I < -|-cxD, and we have |/| = if and only if / = 0. Therefore, in this case, H^{U, ^k) is 
a Banach space over K. 

Remark A. 7. In Corollary I A. 51 if / is a section of .^k over ]Xq — Yq[ with |/|]Xo-yo[ — ^ 
for some C > 0, then it's easy to see from the proof that its natural extension to Xk still 
satisfy \f\xK < C. 

This following lemma is a variant of |Ks06t Lemma 2.3], and the proof is of also quite 
similar. 

Lemma A. 8. Let X be an admissible formal scheme over Ok such that its rigid generic 
fiber Xk is smooth, and ^ be an Ox-module locally free of finite type. Let Uq be a quasi- 
compact admissible open subset of Xk, and 

U0DU1DU2Z) ■■■ DUnD ■■■ 
U0DV1DV2D ■■■ DVnD ■■■ 

be two infinite sequences of quasi-compact admissible open subsets such that Un is a strict 
neighborhood ofVn. Assume that no connected component ofUo is contained in nn>i^- 
Let Fn € H^{Uo — Vn,^ng) cind S H^{Un,-^T\g) satisfying the following condition. 

(a) Fn\uQ-v^_i = Fn-i for n > 2; 

(b) \Fn — Fl^\u„-Vn tends to as n ^ 00; 

(c) there exists a constant C > such that \Fn\ug-v„, {L'nlUn ^ C for all n > 1; 
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Then there exists a unique section F € H^{Uq, ^k) such that F\uq-v„ = Fn (^nd \F\jjq < 
C. 

Proof. By assumption, each connected component of Uq has a non-empty intersection with 
Uq — Vn for n sufficiently large. The uniqueness of F with F\ifQ-Vn — follows from 
the principle of analytic continuation in rigid geometry |Be96l 0.1.13]. We note also that 
the estimation \F\u^^ < C is trivial. It remains to prove the existence of F. This is a 
local problem for the Grothendieck topology on Xk- By choosing a finite open affinoid 
covering of Xk over which is trivial, we reduce to the case where Uq is affinoid and 
= C)xji ■ Let Oxji be the subsheaf of Ox^ consisting of sections with norm at most 
1. Up to renormalization, we may assume that Fn,F^ are sections of and 

Consider the quotient sheaf Ox^/'^^^Xk- Then Fn,F!^ glue together to a section G„ € 
H^{Xk, Oxk/'^^^Xk) foi' each n > 1. Note that the exact sequences 

O^Ox^^ Ox^ ^ Ox,/vr"Ox^ ^ 
induce an exact sequence of cohomology groups 

^ H\Uo,dx^) ^ lim/7°(C/o,Ox^/7r"Ox^) ^ H\Uo,Ox^). 

n 

By a result of Bartenwerfer |Ba78| Thm. 2] (which uses the smoothness of Xk), there exists 
c G Ok with c ^ such that cH^{Uo,Oxi() = 0. Therefore, the sections {cGn',n > 1} 
come from a certain G € H^{Uo, Oxk)- Then we can take F = ^. □ 

Appendix B. Zink's theory on Dieudonne windows and canonical local 
coordinates at superspecial points 

In this appendix, we prove some results needed in Lemma 15.121 We fix a prime number 
p>0. 

B.l. Recall first the definition of windows in [ZiOl] and the extension to p-adic complete 
rings in |Ki09b| . Let be a p-adically complete and separated ring. A frame for R, 
denoted by (5, J, ip) or simply by S, is a surjective ring homomorphism — > i? with kernel 
J, where 

(1) 5 is a p-adic ring flat over Zp, equipped with an endomorphism if lifting the 
Frobenius on S/pS. 

(2) J is an ideal equipped with divided powers compatible the natural divided power 
structure on pS. 

For a frame {S, J, f) for R, a Dieudonne S-window over i? is a finitely generated pro- 
jective S"- module A4 together with the following data: 

(1) a submodule Fil^TM containing JA4 such that 7W/Fil^7W is a projective i?-module; 

(2) a (^-linear map (p : A4 ^ A4 such that 93(Fil^A^) C pA4 and M is generated over 
S by ip{M) and ip/p{Fil^M) . 
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It's easy to see from (2) that 1 ® (/? is injective and pAd C (1 (8> '^){ip*^A). So there 

exists a unique morphism ^ : 7W ^ Lp*{AA) of S'-modules such that the composite M — )• 

(p*{A4) ^®^) _A4 is the multiplication by p. We say a Dieudonne S-window [M^YiV'M.^ ip) 
is an S-window if the image of 

99"-i*(Vj) o • • • o o ^ : M ^ V9"*(X) 

is contained in (p, J)(p'^*A4 for sufficiently large n. 

B.2. Let i? be a p-adic complete and separated ring. A divided power surjection over R 
is a surjective ring homomorphism S' — >■ R' with kernel J', where R' is a i?- algebra and J' 
is equipped with a divided power structure and consists of elements topologically nilpotent 
in the p-adic topology. Let G be a p-divisible group over R, and put Gq = G(E>_r {R/p). By 
[BBM82 , we can associate contravariantly with G a crystal D(G) over the big crystalline 



site of R. That is, to each divided power surjection S' — )> R' over i?, we associate a 
finite locally free 5'-module D(G)(5' — )• R'), such that for a morphism of divided power 
surjections over R 

S' S" 



R' R", 

we have B(G)(S" ^ R") = S" ®s' ID)(G)(S' ^ R'). 

Now let (S, J,(/9) be a frame for R. We put M{G) = D(G)(5 ^ i?). By [BBM82], 
we have a canonical isomorphism of S'-modules M{G) = B(Go)(S' — ?> R/p). Since the 
crystal D(G) commute with base change, we deduce from the morphism of divided power 
surjections 




a canonical isomorphism 

Ii{G^^){S ^ R/p) ~ S ^^,5 ID)(Go)(S ^ R/p) = ^*M{G). 

(p) 

Therefore, the Frobenius homomorphism Fgq : Gq — > Gq and the Verschiebung Vgq '■ 
Qip) induce respectively homomorphisms of S-modules 

I ® ^ : ^* M{G) ^ M{G) and il> : M{G) ^ ^* M{G) . 

We have (1 O y?) o ^ = p since Vbo oFgo = PGo- Note that i?(g)5 A^(G) = D(G)(i? ^ i?) 
by the base change property of the crystal B(G). Let loq denote the module of invariant 
differentials of G relative to i?, and Lie(G^) be the Lie algebra of the dual of G. By 
|BBM82| . we have a Hodge filtration 

Q ^ ujG ^ R®s M{G) Lie(G^) ^ 0. 
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We define FiV M{G) to be the inverse image of chg in M{G). Then we claim that 
ip{Fil^M{G)) C pM{G) and M{G) is generated by ip{M{G)) and ip/p{Fil^M{G)). In- 
deed, if R is an algebraically closed field k of characteristic p and S = W{k), this is well 
known in the classical Dieudonne theory. Since the formation of the crystal A4{G) com- 
mutes with arbitrary base change, the general case of claim follows from this special case. 
Therefore, we get a Dieudonne 5- window {M{G),Fil^M{G),ip). Since ip is induced by 
Vgq, it's easy to see that Fil^A^(G), (/?) is an ^-window, i.e. the extra nilpotent 

condition on ip is verified, if and only if G has no multiplicative part. 

Theorem B.3 ( |Zi01| . Thm. 4). Assume R is excellent. Then the contravariant functor 

G ^ iMiG),F[\^MiG),ip) 

constructed above induces an anti-equivalence between the category of p-divisible groups 
over R without multiplicative part and the category of S-windows over R. 

We point out that, since we have used contravariant Dieudonne theory, the p-divisible 
group corresponding to an S*- window (A^, Fil^AI, 93) in our sense is the dual of the p- 
divisible group associated with (A4,Fil^Ai,(f) in the sense of Zink. 

B.4. Let k be an algebraically closed field of characteristic p, and W = W{k). Let g > 2 
be an integer, Fpg be the finite field with p^ elements, Zps = W(Fpg). We identify the set 
of embeddings of Zps into W{k) with Z/gZ. Let i? be a VF-algebra. We say a p-divisible 
group G over R has formal real multiplication ( or simply RM) by Z^g if G has dimension 
g and height 2g(, and is equipped with action of Zps such that Lie(G) is a locally free 
R ®Zp Zp9-module of rank 1. 

Let {S, J, (p) be a frame for i?, and G be a p-divisible group with RM by Zps over 
R. The action of Zps on G induces a natural action of Zp9 on the Dieudonne S-window 
{M.{G),F\\^M{G),Lp) such that M{G) becomes a locally free S (^Zp Zps-module of rank 
2. Hence, we have canonical decompositions 

MiG) = MiG)i and Fi\^MiG) = Fil^MiG)i, 

ieZ/gZ ieZ/c/Z 

and ip{Ai{G)i-i) C A4{G)i. Note that we have canonical isomorphisms of free R®z^ Zps- 
modules of rank 1: 

(B.4.1) ^G= UG,i^^'^\^M{G)/JM{G)= F\\^M{G)i/JM{G)i, 
(B.4.2) Lie(G^)= UeiG'')^ ^ M{G) /F\\^ M{G) = M{G)i/F\\^M{G)i. 
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Assume now R has characteristic p. Then for each i G Z/gZ, we have a commutative 
diagram of (/9-semi-linear maps 



(B.4.3) 



MiG)i 



Lie(G^ 



HWg, 



Lie(G^ 



where the vertical arrows are natural quotient maps and HWc^j is the i-th component of 
the usual Hasse-Witt map on Lie(G^). If fi is a basis of Lie(G^)j over R for i € Zi/gZ, 
there exists ti ^ R such that IXWciifi-i) = Ufi- We call ti the i-th partial Hasse invariant 
of G (for the basis (/j)i<i<g). 

B.5. Let Go be a superspecial p-divisible group with RM by Zps over k. That is, Go 
is isomorphic to the p-divisible group of a product of supersingular elliptic curves of k. 
Then by |GO00| 5.5.4], such a Go is unique up to isomorphism, and the (contravariant) 
Dieudonne module M{Gq) = ©igz/gZ-^(G^o)i of Co can be explicitly described as follows: 
Each M(Go)j is a free VF-module of rank 2 with basis Cj, fi, and the Frobenius is given by 



ip{ei-i, fi-i) = (ciji) 



1 
p 



In particular, in the Hodge filtration — )• logq ~^ M{Go 



k Lie(GQ) 0, uigq 



IS 



generated by the image of (ej)jgz/gz, and Lie(Go ) is generated by the image of (/j)igz/gZ- 
By [GQOO^ 2.3.4], the formal scheme which classifies that the deformations of Go as 



p-divisible groups with RM by Zpg is given by Spf(i2"°^^) with R^ 



We equip R^^^^ with an endomorphism ip which acts on W via Frobenius and sends Tj to 
Tf. Then (i?""^'^, 0, 9?) becomes a frame of i?"'^'^ itself. Let (X"'^'^, Fil^A^^"^^, v?) be the 
Dieudonne i?""^^-window of the universal deformation G^^" over R^^" . By [loc. cit.\ and 
the relation between displays and Dieudonne windows, the universal i?^"'^-window has the 
following description: In the canonical decomposition 



© M 

ieZ/gZ 



univ 
i ) 



each Mf''" is a free R""''" 



module of rank 2 with basis ej,fj, and we have Fil Mf^ 
Cj. The Frobenius map on Ji4^^^^ is given by 



(B.5.1) 



1 

P Ti 



and the morphism ^jJ : — > (p* (A4^^^^^) is thus given by 
(B.5.2) '4){ei,fi) = {ip*ei_i,ip*ii^i 



-Ti 1 
p 



Note that the image of fj in Lie(G^"'^)y forms a basis. Therefore by (|B.4.3[) . the i-th 
partial Hasse invariant of G^^" (8>ijuniv (R^^" /p) is just the image of Tj in 
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Remark B.6. Let Go be the base change of G""^'^ to W via the map Tj i-^ 0. The p- 
divisible group Gq has many interesting properties, and can be considered as the canonical 
hfting of Go to W. For example, if g is odd, then Go has an action by Zp2g extending the 



RM by Zp9 . If 5 is even, then Go has a decomposition Go = H-^ 



^Spec(VF) 



H-, where 



and are p-divisible groups of dimension g/2 and height g. Moreover, there are natural 
actions of Zps on ff+ and satisfying the properties of "formal complex multiplication" 
by Zp9. 



B.7. Assume that g is even. For any integer m,n > 1, let R 
the p-adic completion of the polynomial ring VF[ti, • • • ,tg], l 
homomorpliism of W^-algebras given by 



m,n 



W{ti,--- ,tg} be 



Rjn n be the 



I p'^ti for i odd, 
I p"'ti for i even. 



Similarly to R^^^" , we equip Rm,n with the endomorphism ip that acts as Frobenius on W 
and ip{ti) = t^. This makes {Rfn,n, 0, (f) a frame for Rm,n itself. Let G™''"' be the base change 
of G"'^'^ to Rm n- Since im,n '^^ compatible with Frobenius, the Dieudonne i?ni,n"Window 
(M'"'", Fil^A^™'", (^'^•'^) associated to G"*'" is just the base change of {JW"" , Fil^A^"'^'^, v?) 
via im,n- For i G Tj/gTi, let ej,fj denote the image of ej,fi in JH"^'"' by an obvious abuse 



of notation. We have Fil M' 



1 KAm,n 



^iez/gzRm,n^i and 



(^'"'"(e2i_i,f2j-i) = (e2i,f2i 



1 

P P^t2i 



93''"'"(e2i, f2i) = (e2i+l,f2i+l' 



1 

P P^t2i+l 



The following proposition can be considered as a relative version of 13.20( a) in a more 
general setting. 



Proposition B.8. (a) There exists two finite and flat closed group schemes ff^'" 
(^m.njpmj jjm,n ^ Qm,n^n-^ stable Under the action ofZpg, and such that we have 



(B.8.1) iOfjm.n ~ 







for i odd 



Rm,n/p"^Rm,n for i even, 



Rm,n/p"'Rm,n for i odd 

for i even. 



(b) Let (C"^'^ ,Fil^ C"^'^ , (f^) [resp. Fil^i2™'", ) he the Dieudonne Rm,n- 

window over R"^'^ associated with the quotient Q^^^ jjj"^'"^ [resp. C™--"///^'" Then 
they are actually Rm,n-windows, and £,^'^ [resp. ) ^5 naturally identified with the free 

Rm,n-suhmodule of M^'"^ genearated by (e2i_i,p'"f2i-i,p"'e2i, f2i) [resp. by [p'^e2i-i,hi-i-,G2iiP'^hi)) 
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for 1 < i < g/2 with the induced Fil^ and (f -structures. In particular, we have 

"O 1 

"O 1 



ip+{e2i-i,p"'i2t-i) = (p™e2i,f2i) 

V9+(p™e2i,f2j) = (e2i+l,p'"f2i+l) 

¥'-(p"e2i_i,f2i-i) = (e2i,p"f2i) 
'^-(e2i,p"'f2i) = {p"'e2i+i,{2t+i) 



P t2i+l 

1 

P *2i 

1 

p p'^+"t2 



i+1 



Proof. Let Z^^'" denote the submodule of 7W"^'" described in (b). We have 

l<«<9/2 

From the formulas of ipj^ on given above, it's easy to see that [C^'"' ,Fil^ C^'"' , ipj^) 

is indeed a /^"^'"'-window. We have to prove that it is indeed a i?m,n-window. From the 
formulas of 99+, it's easy to see that the morphism ip^ : (p*C^'^ is given by 



V'+(p™e2i,f2i) = {ip*e2i^i,ip*p"'i2i-i) 



^|J+ie2i+l,p"'^2^+l) = (^*e2i,^*p"f2.) 

Now it's direct to check that the image of the morphism 



p 

—i2i+l 1 

p 



(2s-l)* 



2g* £Ti 



is indeed contained in pifp'^* CT^'^ . This proves Fil"^£™'", is indeed a R"^''^- 

window, and it thus corresponds to a quotient of G"^'"" by a certain kernel H^'"" by Zink's 
theorem IB. 31 Similar arguments apply to (>C™'", Fil^^Cl!^'", and This proves 

statement (b). By our construction, the p-divisible group is clearly equipped 

with RM by Zps. Therefore, the finite flat closed subgroup scheme f/'™'" of G""'" is stable 
under Zps . From the exact sequence of groups over 

we get an exact sequence of i?™-'" Zps-modules 

— > OJQm.n — ^ WGm.'i — > UJj^rn.n — >• Q. 

In view of the relations (IB.4.ip . we have a canonical isomorphism of i^™>" (g)^^ Zps-modules 
a;^^.n :^ FiliA^-'VFili/:';^'" = • 62,, 

l<i<9/2 

from which ()B.8.ip for Ufj'ri,n results immediately. Similarly arguments work for uj^m,n . □ 
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Remark B.9. (a) Let Spf(i?"'^'^)rig and Spf(i?m,n)rig be the associated rigid generic fibers 
of the corresponding formal schemes |Be96l 0.2]. Then Spf(i?""^)rig is isomorphic to the 
open unit polydisc D of dimension g with parameters Ti , • • • ,Tg. Via the morphism of 
rigid spaces induced by i„, Spf(i?m,n)rig is identified with the closed subdisc 

D(m,n) = {x G D I Vp{T2i-i{x)) > m,Vp{T2i{x)) > n for 1 < i < g/2}. 

The associated rigid p-divisible group is just the restriction of G^'^^ to D(m, n). 

(b) Let us relate the results of the Proposition above to the results in Section 3 proven 
via Breuil-Kisin modules. Let K he a, finite extension of with ring of integers 

Ok- Let x be a /C-valued rigid point of D(l, 1), i.e. x comes from a morphism of formal 
schemes Spf(Oi^) ^ Spf(i?"°i^) factoring through Spf(i2i,i). We denote by G^, 
respectively the pullbacks of G^'^, i^V and H^^ over Ok via x. We have 



On the other hand, Gx[p] is clearly a truncated Barsotti-Tate group of level 1 with RM by 
Zp9 over Ok defined in 13. 101 with partial Hodge heights Wi{G) = 1 for all i € T^/gTi. Then 
the closed subgroup schemes H^^^, H-^^ are just the group schemes i7+ and obtained 
by applying Cor. 13. 181 to Now Prop. IB.Sr b) allows us to compute the partial Basse 

invariants of the quotients (Gx/H+^x) (^Ok ^k/v and (Gx/H^^x) ®Ok ^k/p- 
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